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Vi'iV* ^l— aT (Y ^jloa JL. XII i$j+* ) 
a~^j aT ijj ob ^Jbr jUT (M. Giuseppe Palama) 

<(W\ — ^A Ap^jL^) j>0-* ‘-^Ldj 

J^iAj aS jI J-jaJ jl 


.W4*1 Y A Jb*p A^Jiy (jl* <->1* ( \ 



Jjf LSUbiUfi 


ar 


^5\ . ^^oooaoj \^ooaoo6 J ALib \Af AX Y -f~y* 

(-LtS*j L *> I (l ,.j 3 nJ ^u>b^ JJLt ^S"( ijj (jlj ^)LmJ 

t Jj^ *sJ> y nX Y -fy T &J* &*■> W t 5 iU^-U 

^ 5 " La 4 ^I JjjM Ij li J-jitlt jjj| jl J I ,<XyMU^ Jjl 

S s*A Ck+* \AfA = n Xf? = ?r' ( —) ^ 

MjUojiT °Y'jI j£' iS zj sixS*^ C.jU tj t*VL c£bl jUT >lC 

\ \ X \ ° y + \ 0*3 \ s X\° y cm b ^ AfAx x +y Y 

.xS fj-;*-* 

t£ _)U~* ^IaJLoU jl t£* Jl* \ ° ° 0 4-^0 \o o y 

VLj ji i-Xfc (J_^l $j£. T/°r JAjCJjj ^00000 

il lJ*a 5 ^ 1 j N _j —'y ^SbLvAj . 3 jb ^ y ?j j> J± '$ 

■i-U . . .< & (f tf it c\ 1 ° J*Li J c.**l \ 0 00 t$U.CUO 

f?*\y- \jjtj v?V u J J^i Cr. s*** ^ 



0 

> 

Y 

y 

f 

6 

9 

V 

A 

r^* 

N ... 

V 

Kt> 

YA 

yy 

r 

f 

0 

0 

0 

^00 

j> 1« 

\r/6 

Y V / ^ 

YV/\ 

\ A 

\ 

Xl9 

\/Y 

«/r 

°/Y 

mm 


OJJ^ *£ U Jj' jtA j' jl {\ 

.LUw^i ^y+^CjJya £jl ^jj (A'S^y w— I £>fj 











Jjl lilAAUt 


ar 

oAk^tj A>**iJp aS""^ 

. \17 u^itaiL _ ^TXJ p -1 >'VL»jl^! l_A* 4.>-) pj|ai J? iX-itaaL 

! X^^iIjL.j l lj L* tik jij* £~ijjJ ft-AO 

P ^Aj J L*4kJ ^ ^ L ) d > ^»-ir~t t-r 1 Lj 

« ^ 6^3 oT 



?*>’ o - ^ VKj* **» p (> 







id* dL p . ( p J jJU ) b b C-*1 C a J 

p cjjTj^ aS* ^iJL>- j! c_Jlc-I L* ^ j c c—<*1 
j »J* <• J a ^l b .Xib Jj! 

pj'yp dj« o>jh Jji 

A-JiU.* : n. ^1 1 * ^ Ij aJ^U-»aj J*j_j*(_$L_^_j jL*J iy>- j* 
djr ^• Ij ^ b ^ oTja *£ c£jb~? C 4J jb*£- 

ibJ (jJIjkAj aSOj 1 _j!n* 4 i JJ JUbljibjl 4 jUj 

.p~aO j|i,Aij j^aJ.jLu* ^U-Cjj aS”* Ij (£y_s\ji* 
utL J^li y (^ijJ d.x.-J C -Lc Atjkt jJ 

• i J^->m AS"*t£Ajlb j 4«d—**l £JLjLm aS"* 



Jjf liUiaac 


AA 


J <*■> AS^lSj . J _j-«< 6^ jJ jIS^Aj aJU>- 

A>-j3 (J^l A»-jJ g.Xilj 6j+£- 

i i ^ Ij ^lUw 

; p. j j 1 i xiL p iJiA jj Q ^.p-%^ ^Jl& 5a;UJL. r j£\ 
a=^r (mod. p) (r) 

Jjl_jj^-*A.AjL*..>Vj J jjl iJ.Ljj£~ p >J_}JUfl. a.AJl^ lj [ j 

.p— \ J ...^ Y* \ • 0 jldi^p 

’^r^Ls-\» ^~-j* ciW-j*^ ^ -u>- 'j f (x) o>-^ 

f(x)=a o x I, +aN xn v + ***+an-\ x+a n (r) 

^S"l 45^ji^ oL£J (jlj.J^.4 

x=y (mod. p) (?) 

f(x)=f(y) (mod, p) (a) 

t | ^ A>UAj 

f(x)==* (mod. p) (?) 

j> 4? y^Ut ^Lj jj j\j*y X C—ja jl (j\j* 

y J X j>- j\jiy yJ t-AliS *^ J-U* (f) 

1 j IfjT J ■><_£-* 3 4JiljS"(jl A* JbLj 

(iljji A^"IjJb jJ*»4j (ij jT oL*.>-Aj 

^^1**1; tpAijl^ ^Ujl lj p— ^ $ \ . . it t\ i ° a-u. pjl 

.xS (Jjl^ U ;> r .ut ji tiL j-i 





^~* *!>**& ^jfJ ^^>->*-*0 Liljdj! ^“^ji (J? ' 4^ fljbji l*AlJ I 

t^y^’Z' lj ^jJL«Ar-fr*-i,A& ^jl | .1 Ij p (J jl {Jj>-L« ^jiJj 


ax=b (mod.p) 


>-^ 40 . 


b p Jjj—«i.j c-w b ij~*-t c <+?^tj* ijfij—* y^> \j b 

“*-*b jjjj^jlS^j p ji 3.X -kb 4-Ub j'a^> b jS 1 . vl.««. > < ji-^y 

tr^v p^j x -bb p y j^Ij Ja^> a ^ j 

4.S"" p_JL^(_£j jTib jJaX~*A .-lib _ybtf> p JjU-*JL» i ^1 *j (JU*b 
Jjji ji tjl Jyii_g* C-**1 ClJ U»- ji 4 1 »&> ji 

iJL^bybiJ -U.il Ji <*->AS* i C-av»U^ 

.J-iby^ J^U ji jl l5 ^j JilV 45 "^ij 

^r-kjji a Ij p— ^ i . . . t t 4 s (jL^~>jJlLs[>- oj^s"I 

rfjLili j ajLib Uia._£. jj! jl cSaU>** iju ji y jx jJ?l 4^./^-?^ 


ax=ay(mod, p) 


a(x—y)=o (mod. p) 


^\yi- 


:^\b j 


x —y^o (mod. p) 

► U-** 1 ! c-jJbi^ i *jcju*.a pjl _ji^>-jS""y j x cs*^ 4 u*j* b4^ 

: 4 -^oi^U- p— \ 


(p— \)a j ... j fa j taj a 




Jjl 


9* 


IaoJUL. ( jj\ aC l“ ._,jT ju j jIj 1 p JjU-c *j 

! {£ IfcaJjl.* j JJIlJa- 3 U*^-« j*aV> 

p — \ J. jfjfJY-M 

b b U^U£ jl .JjIolUj 1 ■ ’Aj a£" (« L* *L 

0)Jjl ^ c»iif o'^ a£* 11 ■■**! (^IaUjju ^1 j <. i ■*>! 

b JZ i .-U-iL yufi> lJJU*-* b J S. til—*l i—>l j)>- tiL l^JLJ 

jA*& 2i y 1 tJ >y ji^a <-jl y**0 

_j^ jb b J & 3 *—^-> 

♦ y* Iva X ^oL &4 a*.#> (jjl jW 

Jj^l .f$a 4*0* . ) f 

:C—-1 f wlL fj+y** J^» 

ax r +bx+c^o (mod. p) (0 
1 y.j t(xi.L;^a icr u^ p y ^ 1 *;) xitJ yu* a ^ J>y 

jue p Jja*o c . ? —* ax x (jJ i>^u\ jJ 

V-^F a -^ 'j c^*V U fl > Jd a T J dji 

Jjl ^‘Ax. XiUJX *£*^j£*W^ j*) 

t jfi j * ol y^y 4 J-iL> Y j_^jLu»« p JjX» a^* 

:(i 

i*a(ax T +bx+c)s=° (mod. p) (y) 

j\j*J. O) 4&*\jjS+ tX5lj t>J 

aJoj !j J^l <13jJb ^U> ja i— jJ jl C—'1 p \jj j i*i3t\j 



P si p^ a; \y LS +j (Y) 

st^ar^i p si f* f a J- 8 ^ ■> 


J> jiJ (Y) 

1 { tSJ+-&-+ ’ c£^~L* b 

(Yax+by^b^ — 

fac (mod. p) 

(r) 

• (jr*2 

y x =r 

(mod. p) 

Of) 

: J>> 0 

rax-f-b^y 

(mod. p) 

(t) 

b x — fac=r 

(mod. p) 

(?) 


j y** tfjlaJU j c-i* r (£) A! ry b 

^ ^'y^r 8 VtVuiW .Ci^jkJjj p— ^ 

(6) y jl <11 j mJ cb b ^TU*j lj 

0) (S^Jyr aTjjT^ lI—Oj x 

b* — fac— r = © - J j l c-J U 


y'f \j-jj \j y== o l^U (f) U^A 

,p^j y 4 ^u.j(^ 5L« talU^p Jji jjI 

li> ^ tC—I >*» y <jT Ji *r Ji (A) 

Aloj < 11 j V^U j^_lauLfc«> j *JJ -U> 1 j>- Jjl A^ 


. A 


!*>* 



Jjl iSUooa 


?x 

j b A^Jji j£-» ji*^> aJI.jj (ji^ . C-jili JIaI j—i“ 

j&*0 ^ c t<i—l 4_iJU«-D a j yu& r j j.>> lIw- 1 b Af^jJU- 

Aj _? ^ 3 ~“\£* 

iC—J ji^p djwL~* Aj Cmmuj b x — fHC — ^ JA b- 

b>0 »Lj L« <> ^ l 4 wj» I A.J jHJ , L.<i.‘J jig? f l ^ J ^ Jg —»**■ ^ 

* (_5^ Ij t j-l.. i .»-J p— \ (U jJj );) 

\ x 3 r x j r r j ... j (p- \) Y (v) 

Uflj^JU .(^fjdfjTjjujj) y* ^IfcooiU . ) 

<jbj^ lj ilfcoJUL* jjjjl . J.L*U^» pd J«A^ {_j*J ^(^Uis JJl* I j 

ij 3-l£ ji 1 . JLX-iU y \y p dj^jAj aS^^IS’^j- e L-^l>CJl 

:^jb ^Uj n x j m T 

m r —n x =° (mod.p) (a) 

3 

(m—n) (m-f-n)^o (mod* p) (\) 

ji\<r^i py. aj U ; Ls 4 “’ rn—n p jb j /njm dj>-W 

1 <— «im»Ij 1 y- JLib 

m+n==° (mod.p) (\*> 

:pijb ^ p d^-^Aj C--J (V) ^UftOjU 



(mod. p) 


(w) 


^=( P -\)< 

t’ I = s (p-t) r 


0^)’-<*£>' 


J p ^ i J*'* J- ^ “0 I s Ik .3 £* A l—^ -sJ ^ 

^>*3j p-f- ^ 

[_$**. j* {jjlfcaJ-jl-* -ilJUJ aS^ ->A***;.) <—-J y ^Iaj 

(_£lk,}_U- J1 (_£-*■-•' Jaj*i (w S**d cC—H jjI^j pJi^ J_j-L« (jjljJ 

, ■-Vij t^oVii j»j£- lj j-* ^Ua-UU p —- \ J o 

<KZ£jA j (V) AJL-» j. t ^.J J~^"{ j^ J lj V J 3 I A-l£- I 


bfjt jtjF j\ 


* -l.i -Ik 1 


0*> 


t* t A-Aj J a-Ul* f j t j \ ^lao-A-e tV (_$!jjjljjlJJ 

^5 (V) A3L-^ \ \jJ J'^' * 


\ j F j A j f j 6j F 3 \ 


JL-a 1 -Aj 


on 


Y jl juj jLt Ua-ul* ^ j ^ j 6j f j T* \ jl jujjUa U*u;U 

. \ 0 jAjV j? j 

^Tj \ °jfj \ jl -LJjU- UkOJU t\r ->-U tfl ^ 

CJU-^jIj.> a 5 " Ua JjL 





Jjf 


fit 

^ 0 $ N \ 3 V j* ji ; 0 -^l «A»L* — ^ AS'C.iS't)l y,_s* 

i-uli *±L £>\j *g *j£^>\y>- .C-5-LU *y*r$ 

.C.-1 

tJLili p jl (_s*0 4 •"b^ 4 r JjvIaj 

C5 i^ju*c~*1 #juU^£ r 3 3jbu>!-»*•• ^j5 a>-^ 

_>b 

jJZ 1 4C~--'l 4-Vjl-a aXL« ja c-Jj^aJutfl>- a£" C— 

! AZL-»b 

r- • 

x r ^r (mod. p) 

y x =r' (mod. p) 

(xy) T ^=rr' (mod. p) 

. C **i 0 Jul L* <wlj |J“[ ^jrtJU 

£^J>-Aj£;J»- 1^ boJjLc (jl_^Lj a5^«Aa3^.*C1*^.Aj {JjIa1--»3 A 

aJL^U^L f j \ ^L.A4JUUti^lj f jl jifjjjp jOa Jf! .^jS** a^-U... 

cib lj \T <J^bL« J$\ . \9 f ,Jij I C-.vj_> 

c—ju ji r b tc-5-b rr ^j-^ ^ ij r $juu 

— \“c£ fb Y j* — \ c^,*aX^l>- . <J~4 — \ ubU-4 aTjjT^ 

Y jl ^ ^ j \ 0 aS*" lj — ^ j 

.d«iU »JjU 9 <-~y y 3 ^ 

u 7 i fbJ ^ £> ij yj ^4 0^^: 






«a> 


I 4 t)l j I t ij AS*' I 4 ■ ^-4 4 jj> * ^ W^J*^ f ji Ij p »“ ^ Ij j iAt/f 

(J<U^jLlp — ^ IjyL^ oL»A p JjJUJU <■*,..K. j[fj 

i^d«l>l^jAC' 0 IaJ i J^T" kUbl^ , v*il‘ t 4 M> j^J^ 

jl UkftjJLk^.c-j r UtdJuLoj^Jj .juT jlaI y*- d<»»*JO 

>iXi vAi\> >lL» wijO C—»Jb bb9JjLi^AAj^<^>^*^ 

,C»-\ *ijli Jkfc \» viiU^A 

£*'-» i-U p- \ J* »JJU^£ vlL yU; c juUU* Ij 

Ol\i ( bAi V* slia ili c_jyo jl J y^i^s* p — \ J ° (jtt 

*Ai\* 

l>wI ^a >*■* 4 3 oL^ a£*JU.o^* ajl^l l*1 

. aJ L C-aa-A p J jl iJLft oXU* a. - 4 -lc Ul A> (jUi-i p-jljJj \j 

aT 0JjITaj Ij }^\£ jjlii* ^1 tfly 

(?) 

’ v -* > * ■■* *! a-UL* <JLli ^ A^Jl>- 





'j_^»Aj (J!—-1 «jjL* jJ^. a£-JI>- ji j 



\ 


I f4 O^— ■ * 

IJ tibU ^*6 Jl J 9 AjU J4 Akjl J Ip 
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ikjlj Ji 

(?) = ( 7 ) (?) 

<—«>^aJU»l>- ^1 ji y^VA jjijjl (jLU aJ*{1 

.u^jl* jjj| jl ^lpjL4 *>U- v-j^ a)^>L>- L c—1 ab 

^ ij V*i\$ ^Jt\ <J>jJ j L 

^>u <J_jA—.* ^IaaA^' «xl>- juL 

• t (Jjl jjii 


riJ^u- ^ ^ ^ ^ V . J 3 * ** J 3 «^ OJb* . ^ ? 

a£^ lL~*I mu^Ij ..lXL p Jjl ^JLf> tlL ji p n (jljj b jAjj JjJU j&* 

• w A # » 

»ir “» * -*■** 

x T =sa (mod. p n ) (\) 


1 j t«LiL p E aS^IJJ J^4 •Lili Aiilj v^l^>- Jjl 

r .p" ^ .iiu^ p * x 1 —a /l 

b xjL. .xib p S^l. a *S "^^ J>} .>y. 


t *■—^Vj a£* _j>»j A-> ^jIa 


b'==a (mod.p) (t) 

U-jU ^Tl >itZ_~v( ^-J —- b Aj b b (?) Aoj\j 

: p C -iL> <ci£U A^xib o^y 

y T =a (mod.p r ) 


(r) 




y=±b (mod.p) (f) 

y=b+pz (*) 

^Al r* j' 

y , f £ ^b t +Ybpz-|-p T z t ^b y +Ybpz (mod.p*) (?) 

^ ut^r (T) <yJ^ 

rbpz=a—b r (mod.p*) (v) 

■yj b C—»l & 

Ybz^—a—b* (mod.p) (a) 

dL l^Jj ( 0-*i cJ_> l p aj C ..»■> yb dT 4_S^ ) 

JA* — b ** 'jb '-Ay? 

-C~2>b j»— a1 ^>- ^A> i£j>*** 

. . . J p f Jj-UAj p* Jj-L* jt (j^ b 

jUO,^ (Y) <jrV^ e*U *r^y ty.W .■**-; p“ 

.-Ub p SjjU a (J*j***i *y*is* n •lA*k 

AjynJ Jj l> n Jj^uaS' Oj ^I 

^ n • \< r jij's*'jj b* i 
*jj* uib* & j-l ‘A r j*\j> m 

.2 j* Aj <jl tXl>b Lf-JL.b' ^]JUJ aT*A 



Jjl i£lib* 4 £ 


: 

m — p a q^t^ O) 

<1> yS\ . xs~* ^UiOt y ^ j8 j a j Jji (^Uj-u r j q j p 

x r =a (modern) (\o) 

<3x^ y _j ^l r .;T . ^uj> ji xL O °) ^yrj* o^-*J 

I-US" 


x T ==a 

( mod.p«) 

O') 

x v =a 

(mod.qP) 

Ot> 

x r =a 

( mod.rV) 

on 


Jji j^u. r <-^ j^ iygU- x*—a a^uI <s\y 'yJ 

. JLilj IfjTjl JbU £-JL!>ls 

^i> (\r> j (\Y> t<\ >> ^ W - V * * J 1 ‘i'ij-* ^i' 

djl i".»...r ^*J j* SjjL* 3 . aS"*C<-j»I j ^ jV tX^i»L <—^1 ^>- 

tf V : i^ . r u »ji <jlU> jly^ Jil h CXlb riqjp 

^ UAiij jl ^ .c-ib j* (\r> j(\t) < (U> 

j y (% w y4j lj l^jTj ojTuUill LfedJiU-* j| kiLjfc <S^ji 

4i£b4TjL*L» uli$* X xJU t^^JU ^1 fS"C—jijj . oLU z 






Of) 


X^x 

(mod»p«) 

X=y 

(mod.q/i) 

Xsz 

(mod. rY) 


jS-y.-fc 3 (tV) j O T) < (U) TjjX^ 

o±* o<»> 

• jt ji Asrjjijj* \jj>j *-* (\f) csW* 4 -! 


0 *> 


X v ^\ (mod.p«) 
X^ = <» (mo d.qP) 

(mod, r Y ) 


0^) 


X x ~° (mod.p«) 
X x :=\ (mod.q/*) 

X^—° 


(mod. r^) 



Jjl iStwae 


(W) 


X r “® (mod.p«) 
X r =o (mod.q/3) 

X r =\ (mod.r?) 


- jJJ j X - 5 -^ £ ’ *——cr**- 3 J 

X=xX,+yX Y +zX r (\A) 

ji tiljjAk 0 >\ j* aJajIj J - * < 3 ^ O^F) 

^Uj jf \ .*/ JjV — z 3 — y < —x “H L> Zjyjx 

wUbjjv i'-^ .iiJ iV^j> jijij-ft A C _^la i j-i 1j —■ _J -|— 

'j V^*jb : Lr* 

x=±xX N ±yX Y +zX r Uj£* \a) 

Ij ( \ l^-i*T./t^- ■*>fri <jl > l ^ ^ 1 j J 

.Jii*vA uT^^j! ^LlT (W) j (\f) ^V*^° 'jij cJL!t-j 

j <A^b J— r 7 J q£ 4ji^* yj *-bb X N 

oiy^* <y)j^ 

X s =Xq^rY ("> 

J>- jJj IfJJ jj t Jjl C*-»1 X crfjZ *£ 


kqP r Y = \ 


(mod.p«) (t°) 



Jjl X j* j Jjl *~>r jl 0 :-* ^-U.a> *£ 

4 ^L>-»i^>.-»_i <^i> (^Ijb I^mj ui^<l 

d^_^j pOt jl jf tS"z ijli ^ yr3 p^ ^ Jjl tJjX* 

JUL* j^c- ij bo-U- ji^icr^i p^ y. 3 

vl—-J j iJ,£ pOi ^ Jb c ^-j£"jJ> i lI_xx 1 <Jjl pOi A> a5" 3 , 

j,.*. <>a£ j >j~* J*^U; .-ii:ji-b^^v p<* y *£ ^jjT^ 

cIa^iA£^|-iI (_jbiiXjb jjjlp^ y |»tl j - ^)l « 

XpIwA Ja)u«xi AJU pfl ^ <_) ^.»4> t> »■*j jj b pffl 4j i, »wJ 

ui'J 1 r* 1 ('f°)o--t“" t f-> J ^> | ' 

c.-><jl> lj X^ (\^) y j -J^TC—-«*JLj ^ *—# 1 _^>- 

^ A ) i-k>1j j -UjT^ X r J X Y fc-w y b ,*U 

1j O °) '-->l_j>- A Oj^« 

jj I b—P“»J ^> »«*- i 

:^ c ib Aj^lj jS'C _“I ^jN iJutb 

(t) =+ ' j ( 4 )“ + ,j (t) = + ' (Y ° 


4 $yj*\j>- y v = A tOLib tyj aT 


(j*>^\$* .(reciprocity) J>I 5 > 03^ • \ Y 

J?jj j4 jf i A * ^ u*| . ♦ () lijJ AZi^j\ aT" Ij ^jlaAatw 

Oj^ti ^j! .—iluS"^ jIa! j*-*> IjjT ^~*\ j iL««>l ^y*Jy (^IfcaJUbAj 

if*S'* b 

J 1 J*'Y A 5 b q J p <-W ^ J* 





vr 


»p»jb JLit f n-|- \ 

(f)-(f) <» 

•^jjb (Ju*L r - 9 * j* 3 

C)-(f) » 

J>-1_3 a!*j|j AJL-^jAi <jl J^^s* ^3 (Y) 3 O) *bjij J* 

ob 

w 


(£)-(£)<-» 


P“i v ‘l“' 

X v 



3 ^3^ls- £33 E -^- — yn p=?n+\ jf t 

E^pA^Yn-|- n .-lsIj ip^fn+V' £\ 

^qjp ****** J' J*N ^ ll- 1 ^33 EZl?. x — - * 

.-LiLJ fn+r 

jl l£jL—{ *fi 33 'T tf w OLjM l—• aT ^ 

i±b pN 

.XS*^ uL \j Jty y i-U ciLjj C^J 

^•Ac- SJJb tV bT a£* pjlJU aS"* J b ‘ S'y>ji 

i y^a J XiL^ ^pD-j- \ OjjstfAj ^V - 5 J-fr ?Aj b C-44A ^ V 






tjd '3 'l ^ V Jj-U4j u~-J *v L.I 

($-(*)--' 


. C - ... J ^ V <5 V -5 y*^ 3 

{ J^i>‘ Jj' 3dt- 33 y lj 6yl* *£ 

uT ji aS' C-jIJa <+?r ^'Vd '-^’jji 

CljJu cJLLitj <-«S"jJp La<1-w>- i js\ j J-l.l 4 .--J (Jji J-t caJL>- jj j* 
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jj .*jj J*\j>- <jp(m) m— \ f j—** p* 

ti-Xft ic-Jy u*'^ J *' £jj Lf^gp(m) .>y m ^^yJU 

o~J <p(m) j m — \ jTjj ^Li*r m=\& 

JaI y«J a jl (f F) L ? * « V . U ft cX-Mj Jjl pAAj 

j ^ Jj' ‘ m— \ <y*j o-l v^V <3?-^ 

4 fc . I . _ A . 1 , «<M Ui . J ^ A \1 4 * 


J yj?* 1 *-** lj yj -0>4i3 

: fir$s* -A'J* P ^ j' dj*UX O-^J z 

yzs\ (mod.p) (^) 

i associ£» 3 V 14 -l^Tlt* jdy dj z j y 

i3yi^ jl-lL. tX-iU jjly -Uily^ jLJl A-U j* .frrijf 

. (0—1 p — \ t JaU* — \) xiL — t t \ VjT 




Jji iSLtoJC 


\9 

x T s\ (mod.p) (t) 

*p —\ J fjrrf p —J + \jr 

jL -»1 i*Lft L -f j j *' sS’tf i JJ jLyl 

p — rji' i J a-ib^ a»lj U C-^Ut p Jj^ 4 j 

^^aJLob-^i^1 . J y~ a>-l j L lUL^LvA p J_jJU4j 

^ LjJ p — \ Ij i ^ jJxL^A*- L ^JS i—-* jtj> p — \ J \ j* I j 

t^>jj a&l y>- — \ L d-Jw^-i-%* tj£jj tjjL »a 

\XtXrX...x(p~\)f\ = ° (mod.p) (r) 

tL*ji wi OjH^fc *S\l^ 1 oi-v<a> oI*a ^jI j 
Jjl^ax. t p cOi-ivjA .S'S^ jLj \j Jj! ^U^JU j\ 

^ j j ** 0^->* a-i£ nj iyi ^U.* j a-£»Lj 

zyr* \ xrxrx.,.x (p — \) >> J-^-p 

ip^l J *JJ J*\j* jjSj ji>u P y. J-l*- J 

\ XtX c^yJ-^U- ji q J-U^l iOiL q aJl. J jl ^a* jl yly 

c^jiAA^jpjj *re^-ujuU*^ jiiN xr-x ... x (p—0 

eJU- jJ yL» Pj' j aJ> 

\ X Y X r _>L£; Ifij T J^u U^Tjj p===f 

-* C - J ' * j-: p-* ui' 4 l ®a£ 

. xiU a>-l j L c—£.y«*/b f JjjuJL) o^-^J july^kj 

• pi &~~lr*** 4 O) (^V>-<u oyS^I 

yz = D (mod.p) (?) 

^ z j y (^Uoa.t .J^l {jij* p juA>*£>4 jkc. D 




0>Jb j Li* j Uy ij* 


, J„ o- . <> ■&> I p J F> ^L.axw> «L*T tJ ...» f> 

.fcUiU o*l^jUi LiL t^ p— ^ J \ 

ii jLL+ jl JuL« A.SCljl j_SU tJHib jLJl .i-U- jj 

'.•MS' i£>X^jjj jj < x t Lj^.4 I 


x T sD 


(mod.p) 


1“^-J 1 , •X~+[j p J ^ AlA.'V^ J) i J^4 | I J 

o^fci L -< i *jT ^LvA> 4 ^J J A*bL<^*C' D j^ii ' ^^ ^ 


(f) (J ^^.Ufc ;* ■£' Z J y jUI J ^j|JU *_>! _>>■ (d) 

Yj \ p — ^ JlJLXS "*^4 (_J-l«^ 

j>Sj.‘£ j* ^J- 4 -5 ^ j^ll 3* p— \ J... jfj 

ji *S *yrj (_^VAiJc. t j j £_1 c^yljjLj ‘*j j *^^1 ^>*j 

^ T 

lj 2—-J 4 I jS\ ‘ oJv» (F) JUL* l5 ^~u* 

:^ b r^> 4 ^ MS " ^.4>ji _^«aAA> jya ^ 


Pri 

(p— \)!~D T 


(mod.p) 


<ib J) iS^jy* iS^ji jjjl 

. d—*1 dUJ U 

J** l > (A) iXi\j ajul* «il j) j_^rl 

: fjj'-> j >y. ->*1 s* p — x o jx, *iij 

X .(P —x .)= = P x .“ x .' t - —D (mod.p) (v) 



Jjl 


U 

*0* p- T J*JU» (A) cr^t^ J* X o uTji *£ 

cjlJl^U^ <0;^^ jUI j^JUji p-X p *JJU.*_5p jl 

(^) 4jI£* 4 « ■ $ -<*& — — t. U lT^4 <3-^-^ (^P) 

ly^* j ps*^"V./** V^pc^y^* ^p£jl J 

-fiJJ^iS* £~+*t <-?j*> (V) 

P-N 

( p_\)! = D T (mod.p) (a) 

.Jili •Oil* t*L O jS~ C-*l (3<sUo ls i-L^jua jjI j 
j»uD ^1 4l 1—<<l p ^uj* SjuL* <iL D = ^ *5^l>mjTjl 

• J i ^ jtjJ IJ ^ 

(p—>)!«-> (mod.p) (A) 

(A) J (P) t(^) <J»jIj jl a-lti:**! b 

p-\ 

j) t = - \ (mod.P) (\p) 

.C~*l o-GL» j~c. <^JL D 

J 

P-N 

T 

D s\ (mod.p) (\\) 

,C--1 P^JU dL D ls^J 




J <L>a9 J U_4 


\\ 

: jj OiU^i 

P~\ 

t 

x + 13 * (mod.p) (\t) 

P~\ 

t 

x -\s* (mod.p) (\r) 

«0Jl* E —\ ^J «-UU^ E—1 ^ijl 

r y 

“--— j' ^rri ^_jI jl <■ * ! . ^ wb .C-5*b 

j —^ l • > X^l.ii A> (\r) ~v*> ^UtAJwj ^ L* ^*C> 

if-S*^>jJ> Ij ( y^ i .\+b 

p— \ 

X — \ = o (mod.p) (^f) 

Ia»jjL« ^L*j caiiS’*^^* Ja^ (jT(MT)j(\ Y) j ^l*J jS' 
L *jt 4 *Jim ol ^*C }» (Y) 'C-ij ^Uoap ^C*j j»a j 

.aIj (_£jua>- lj 

i a>*w (\Y*)j (^ Y) jl 

; ^Srbai^b uJy’4 ; aT^iT^ ^ J^*V - l ^ 'jD 

f P=f*+> 

( p=fn-hr 


Jjl vSUaiAc 


j • o 




(\*) 


v-\_ 


tn 


P-t 


m-H 


P-N 

T 

(-0 =m 

p-\ 

r 

(-0 \ 


is* ^ j J —■ \ -***£■ 

“■*"i (U) ji j A^U n ^ P ^ 

»iL _ ^ Jjl cJu ji .xi.L fn-f-f p aT J*jZ 

(5V^-“jj-j .lL-^UjUL* dJL cJU-ji j 

-^» w* »\ P >\ b«iaV* <^Lj| «~ \ . <*.<*! jL..«ui Uiu 

p—^n -f- ^ >ik*-\ bAiv*. jv£. j p=t^fi-|- ^ ^v^Vjr* 

♦AiAi 

(\Y) j <\t) csv. ^ ^^ at *jS 6i 

p ^is* ,*Aij-i> Ap«uJL> Uji a^Aj jl aJL^USj jiiJ 1 y^s* 

:j^L Jjl 


P-\ 

T 



(\?) 


• (^r——; L* j C 5 - 


k A 

> 0 <jw 




x p '-\ = (x q ->) (x q +>)=. (rnod.p) (W) 


aS^^jIaj^- 1 j Aj jj| jl liLjA (,Ly A ~ ■** ^Lj 




i)j-b j J Uji 


P tiL 1j Ct .C—>1 >i^->- t <>jb d oT t)l ji* J* 

; *z£\* >jb aja^j y JJJL jJfidA iJu^^aJ* 


y x = a 


=« (mod.p) (> a) 

Uji a>-jj' b ^\y\d j 


yP ' = y'fQ = \ (mod.p) 


0<> 


*JU$*J Of ^ 


X^-\ = 


(mod.p) (t«) 


-l;. :.*.*> *jlJU q jUa U_^ 45f\l^-1 i_»I q ( ^l J b L5 i^i*jb 


x^-h\ = o (mod.p) 


a\> 


, o_LJ W j^c. q tjl*A 

aS" t^lAi> JJ djM .f LS*?>° C+f0$*a> .y f 

Jjl L>" A_t J# ljL>> 6/dL* 

I j j j _t Jjj j-6 cl _>- JuL ^1 j c, «»., > T 

pjfc j (_$1 A>C^L) L* J I JjJ d J£Jt \+ ^ itl*»+ 

O^Kvb b J* a*jJiJ jl <j^L^I 

AH-|-v j An-f- ^ 0^ v s£>^ >ib t ^ 

.^V^An+o 3 An+rv)^ vis\ v£>^ 

il*ji L^JiSAj ty-dS* 1^9 (5jjTjL A^-ii ^,jI 4l»lJ| 1$!^ 



Jjl *$ lAAJ* 


Xp ' — \ = O 


: P JjJUju C...J 0 : *, r .: >.» 
(mod.p) (\) 


O S*. .^LL« jTjlj j il..jT A>*ji U 4 £jLm4 j il-kiJ ^Ijta 

*>• j-i J*U p— \ V^MaJL^U- jl ^jl^LfJUA Jjl (J> CJ& 
(') u — ^ Jj' A>^J UjT jl. ^| oJLi jXu 

: jij lj 


x p ' - n = f(x) g(x) (mod.p) 


•I4A jl vlL^b 


f f(x)=« 

1 gOO® 


(mod.p) 


Nl»- , U» JU i. » aJLjj l?I jta l^T d)t jj j> ^jIaJI>.|j ^IJajJu j~j 

‘ P~ ah* 4 ~ s 


x An -^ = (x fn - \)(x 1fn +0 


• I ,aUj 
» ✓ ■ < 


x* n + ^ = o (mod,p) (*) 

(X*U jl X J$’\ 4C~*I 4*1jj fn 


X + \ = (X T + \)< -TX 




\n . , 

x' + \=t 


L 




; Cbb ^4.1 yi- 

i x -yu x =o (mod.p) (a) 

&jJb Y 4.5"* ^ 4»«^ij l^xij 1 ji b 3 

P^ri ^ 4< b-*— j p ^ • 'bb p ^-c 

•JJ./d*(j 1 Nl>- i-LLX^._j p jj U J t 

4 (►c , “ , ^'*''“ , ‘ j b c-bbj p y 4.5"* y 

uy = \ (mod.p) (\) 

t, ^^iS'y~J y x ji 13 (A^ ^j^~-bjlejJ jS^I 

(ty) x = Y (mod.p) 

* C—p J( oJLlb tib Y &£»*.J \ (_£Ljc«<u 4iT 
j*.fc (^U43^-1* tC—! ^\ijl <u ^JUjl* (}y (bLJl 

jbw jir^. An-j-v j ah+a j An+f y 

4j C- -“ ■ * « « 4$"" {J*JJ jl b C-f~>- J C~*-l J ibuJ 

• «Stieltjes» *->^»> 

bp-^ 3 \ari 

^ ^ 4 |*-r u *iJ J c5^ < 3 *^ L ! j jj^U.4 4iJ.j 




Jj>l 


\*f 

. lj J I ,i-*l t*Ajl4 A^l)l Laau>^2 c — ^ 

\> t» r »... k > k+ \ > ... > p- \ (a) 

c ri... 5 e k •> B * + \ 5.*o e p-i (?) 

AaH_L^ ( ? ) AL^> j i j C~»^L—t 

k <_^*i 4 k jj c~*}U <ilj $ (*r*^,cr" 

* k-f-\ 3 

e k + ^-*k (V) 

c^l_^ (V) ^Tj-* (_$-• !j 

(j-iLv^ CjUj.-i',^-* jj.tfiwJLijJ j « .k aLaa«j4j r k 

kr k -k+^ (mod.p) ( A ) 

LfJL> ^1 .1 . j . *. ^y>_ I . J-J_jl PAj cl*—*taJ J Aj k+ \ J k 

Lj P J a ^ j ^i — ■ nul ^ "T k y. ♦ jCUJ»l£ J i i i !■*! Ljl^" L-b / CI 

:^ r iU Ajjib jf I \^jj ujjb <3y 


•\ = r i, 

(mod.p) 

0) 

k(h+\) = (k-M)h 

(mod.p) 

: fijir* lz* As >t~ J 

(\°) 

k=h 

(mod.p) 

(u) 



Jj-Jb j j Lt ji 


E k+> J e k b k+\ i k 

: (*-iJ^ (A) *Mj *(►*** < 1 >L£J 


£4 £ , 

k k + 


.-(a 


(u) 


».ilj r fc U^T j* c—l <JpU* (V) ikjlj 

djly^ r k aT lL-I jijj (A) Aa r^. Jj a-liUj-^ 

p— Y-> ... J Fj V W r k p — Y cr* 0 , <JiAL i yly 

?_— jjiUu aj! clL^- 1 ©.Ail.* tilj \ jS' l>»jTj| j C.. A >w.,‘. ♦ a 

Y * ~' 

(j^-.iaJ l*jTb cC»*^U o!j 4 .ii/ aS' 2j->~j «jUL*E _»jiJL« 

Y 

,c~5*ta jaI_^>* i_^>-j j^j^j E— c (£) jjjtyt-^ - \$* 

&JJ* u-L 1 y ‘ p=fn+\ a-T <» \xj\ 

Cri^T^^ tA ^J <yl ‘r jj tP-Afi- 5--— Yn 

t 

p=fn+r ^ ur^y p— \ <oT -iu>- jyy^T 

j «a;L 1 jjI j -- 4>y t£j>.u j P—' = Yn -hi 

x 

^ls*. p— ^ 

fij jTc—b ^j-f^ jk;^ Ij — \ j p - 1 

• Cf* (^* to4j Ij { 9 ) J (A) 


(*>' 


\ > Y > ... 9 


p-1 


P+\ , P+r , 


j n — 



Jjl iSIawc 


p \ ’ f ** ‘ } € p- \ 


€ p-M 1 ' ‘ * ' e p_\ 




^jj lj—Aij j —*1 a JJ L.^ ilL — ^ i JLtL.■> frt-|- \ ^ 3y# A j p j—5M 

(9) ji j -lu«*.a *juL» ««AjL 1j cp — k j k 

(jr«Kp — \ —k) ^.y}y. k 4 

d]j -- ^ tJLib fn-f-V* P jS* 1 L yS^ji <U-Jtrj aJUj» 

AZ-ij i)JL*.>- ^Ijw iJlJ j^£- AlAijji J d--*! 

a*.A j a.L*.>- ^1 (p— ^ — k) aA*>- <Jjl 

<?)' jl Jjl aU*- (p^fn+\) JjJ ^il>- jj 

lt(?) Ai-^j a<L*,»- ( 3 ^jI b *—-*J y}j J . 

dij jal p^^n-f r ‘■{I* *£ji>- j* 4AjUj j_^>-j 

• ^jb ^>-j (?/ ^Uai-5.j jl a^5»j Abj>- 

ji ^i ———Ijjl cJb-ji 

. C-^b JI&1_^>- i 3 j—.*j ——_ Via# 

T 

ODU P__ Aji cJb-ji j P- 1 Jjl uJU-jj dj^-VU 

p ' f 

j p = 'pn~j-\ Jjl cJI-j-< jj> j : ijb ^>-3 (9) Jjl J».** j> 

ji\y Ai-^jb i!a*J ; p=fn-|-^ cJU- ji 

jub (?) Jjl ^L-j ^_>-i a1*.>- 4 jau j n 1 n 

t JlAAj 3 I\ j—S^l A_^v Jl_»- ji i jJlL \ ^Jjl A_Juk>- jj\jJ 


Oj -4 J i-iaS j 


.<^-*4 <Jj| C~-«^>Lfc Ij j>-T 

W J-j'jJ < * cs"^--* J lj P ^ J p— > ^ij+ 

. O^l^jT t —L>. 

• (►s w Lf*«>^ c/ 4 *!^* J>-* t£L^jdl>* 0,y^\ 


p—Am+\ = Fn-fM 
p = Am+r ^fn+v- 
p=Am-f 6-=fn+> 

p=Am+v = fn+r 


n= tm 
n— tm 
n= ym-f- > 
n=Ym+^ 


. <J1~*4 oJjU t J p— \ tC—4 oJli U H_ \ ( 3[ 

Y 

.C-4 6wUUYj p ~ y <C.-*I ojUL P_ ) ( b 

.C~4 aJ^Uj-^fr Y oOJLi p— y j P__A (q 

. C-*vl oUJl* Y (0*»l j~C £.&> p—i y J aJLjL 4 j-.fr R_.A (d 

. ^ I j t j* L^,iJl>- ^U; j*^ Iaj 








3 a £>«am -rf 

C C-— J> J-C jl 4^*JjJ yt 0}jJ^J C-JLk^ cT^i 

pit lj <_£lA>i-A_£ ^j! J JJL;U*.<t 

oly^ j_JU*^jJ j <^y J^^o-* o'y^* 

JjlJ^i jit jl . cJj-f ji ^UjjI j_J!^.jli lj lyT 

«r ^aU> u ^i^jol. 

>*S* '■3^ J* )* vi A ^ 3 * ^y*=^*> ^yAxaVj^ 

.^*\5 35 \» C*nA 

'***<S* jij C $J~*r ^riU-L. <UJl» JjI 

(a r + b x ) («*+£*) - (aa+b/J) x +(a/ 5 — b#)< (\) 

*t ^i>*ji ^ ^ — b “M b (jyy ^ 

(^+^)(^+n=(aot-bfiy+(^+bcLy or) 

*£ > 0-^ ^ ^_>“* <U^aJ ^y^-* U*^»^ ^ 
oly^ Ij^d £J^« J* 4 ^.r 4 J* £>**■■* 

.3 £ij* J-3 ^ l >-iAla»> >l»)yp 



Jit iilAbOt 


\ tr 


(i) j (\> iiulj ji t xst a=ji ) a=b *s" 

6 = T' r +> X 

>r-Y , +r r 

; jabL* vllj L j 




• j! 

Xf=r6+\ -> ^=^+r j y = > + \ 

^‘i*'* * itj t ^ 1 ^ 

^3\ ^ c*-»i < \> 3b /v 

.btf AJ»\yL ^yVS 3b ^y+»* V « 

^g* <y* j* 

a r +b x = mp (r) 


m jb ja c^*j* ^Ub-u j Jjl ll—1 ^ju p uTjb *r 

b j a ttfUbJUjl AS'yjb^ y. < J™a Jj! 

c-i* t b j a P s. 

C>\ jb 4 — jl IfjT ^Da * jJli 4^^—Ab jlji (_$■*"■* b 

* n ^ L 4JL>Mb 4S""bjf" i>Lj l)U> Ij Jl J ^ C^ji ^Ub«l£ 



a—Xp=a' 




1 4»j* 


i ir 


b—Jlp^rb' 





a' x +b' r ^pp' 




b' j a' 


, p x i p x p x 

pp < ^-+^-=— 

f f r 

J-> /l c v^V ut^. ■ P J' s&rjf t*yi p' ^<Jo> 


a'-Vp' = a* 

b'- M 'p'=b" 


a 

b" 


<?' 

r 


a" , +b'' r =p'p" 


-P' (f) 


( 6 ) 


Lm^iAj •1^5' LJ 

* r* 


_ / 

.3* p" 3 

T 

-r *y+ b (*) 3 (X) £\ 




(a''+b'*)(a’ ,f +b , ” r )=pp'V ( 9 ) 


C^tJj (f) ikilj jl LI 


jjt cSlA.&ac 


nr 


a'b" —b'a"— p'(—X'b"+f*a") 
aV+b'b^a^+b^+p'^VH-fA'b") 


:(A) o~*J^ j^ -» d b 


aV+b'b''-(p w +XV+fi'b'')P' (A) 

O) Oj 3 ^4j Ij(P) ikilj <—>- C~w jf 1 

j* p /T £r*Jj (A) j (V) ^U^kil j jl 

j-jj ^l4_kj1j j wUT^ (f) ikjlj j-> y> 

A Y -f-B Y —pp" (A) 

n ; 

- jl p" o~ A.S”* A„lajl jAj «4—4*j 


*_H 


A~~* J p.-.fl>l_j>- A^l^l <_ <*.'} Ji ( j~ j *&Aj ^S”| J 

ji 3 p W==: ^ iJ«Mj p i > j^a C A_IijIj ji* 4$”* 

Lj c$jl At-*4 p 0^-j (^) A-kjij *— 

v -*“^b C— 1 1 tSjtr? \yt) J 

P djl ^lao-Vc ^ AST ^jJLo trrt 

l£^-\£ 4-jT *?«?*•> jj\l.j J . ai^*U Ipfl ^ 

^Ua^Aj a-«L pjj t Y -f- \ *$> iS J ijli ^y*r J ^ XXjL* 

bC^<i ^jjA ^^_jLu,x p jT 

vi ftVS 3^ v£3^ v f n+ \ vii\ sS^iAt 






no 


a5"l!w* 1 t, lk^ ^jjljU A>-jj 


Y \ aJj^j jl 4 ii««u*j (JoL^ \ i — > j3 ^aj 

a 5*) r $ V Jjl aJUjo <w-* jjil*t>l>- jl 
dlj A?"ijS"'j(JttU ,Ubui| o*Ai J-^ij (JULtb ,..♦ ^pfl—j- y* 

tj? l | ~ 1.4 U ^V*J A&jI J^* ( £tj-* ^ 

—Aj L^a l > *i A^* jv Jl .-ii ji , » UA lj fn+ ^ 4 O^" Jjl 

b JO ^IaA>u™1j Oj!o ^4 

^rs 


a-up ^V*fr* oy^\ ' &/> ‘Y & 

<s>kj ^b (Jj£> V (^IfAJj.9 i C— 

oJic p ^o ^j+.>c.4 jl L>- cJl>- (jf aj IjjTolj i * . - ...-> 

, J/biL IftJ Jx> oTjl A^y*Aj 4 (. ■•<<» 1 b 

iOX. IfsSV^ &*** >S> V ^ 'fr £_**3** Oj^WVtb 

. IOC. f £_><►*?*• ^ tfS> 

^ j a b ^3 {^UAkjlj j-a 


A — Q.ot-^— l3j3~J— c^y —|— d5 
B=aj8— btf+cfi — dy 
C— ay—ca+d/2 — b 5 
D = afi— da-f- by — cj9 




Jjl 


I ^ jj -Ul ! y>- j 5 L>01 

(a t + b r + c t +d T )( ^ + ^ + Y T +6 v )=== (Y) 

A T +B Y +C Y +D T 

.. -J 1j* c l j ^ l®o .A,c I ^S”"a I ^>- f ij^.iUxv t Jbu 

jW 

Lj ijj Oj^v» Aj -Ult JUZ«..*> aJL£ 

.0^1/ iOc f 

t* ^ l^»£ JA>14 l ^ J>< f l 

IJ $ J d ^U. D j C j B j A ^ A" ^jy 4 

JjIj CJjf^fiaJji f IjjT _* cSJ^ 

JU*» AZ fl£ ~^)LwJ ^ j>*4j i_. H a » 

¥ (S _?■♦■?*-* jl »■ j -HjIjl! V* 

'-^Jj(J| 4 J- 4 ^ £*_/* 

^ I y J&"Aj*j I j*.* ^ <sSy. 6^1 

. ^Laj i «^ ^ i 

JiiyjL % ±£ V) ^VS^y aS ^ r k ^At yh 

,iy AA\^aL t \£:A-^ 

: ajlS>1a aT-L i£" ^y 

a Y +b Y +c T +d T = -» (mod.p) (r) 
ui-r^TJ-^ u-^ 2 -* J ai < d j c f b < a yy^-* ol 

jl jl£>- j^iia^ jJL* J?l>Jj| A^j jS*lj L^T S i ■!-y iLj 




uv 




■ J'. +5 JLfr t JLib E ji T jJjj oJLj) t.llj jZ\ \jJ j E 

* t ‘ ' ' T 

JaI jai — jl (Jiib-*J*AA j! J wl dJU Uk_-.iL ^a> f — P 

• *J J . 

j&rjS'jjS'SA d j c t b < a (f) iLljji 

p T jl 1 *jT L p?** ;'y 0 y jl 

d j c * b < a \ ji j :c«*J J p* p x b 

^ f taU^L t '■ pi Hl |mj t - J ** j CJJL^ ^5^ & E L ^ 

r 

a x -|-b x -|-c r +d Y =pp' (f) 

tJLibj^-1^1^ p' .a^L^ p id* j| j&r-jf' p 7 jj* ^ 

■*•**? (f) *Mj 

. aAi^* <jU5J 

b d' j c' <b' (2k r : -^b dL jl jS j j-j p' aS" p_dS" ^jJ» 


' pO^cf* P* A ? *^r— 1 d J 

:c*ib ^*1 J>. 


\ 

(to 

I 

T3 

if 

|a'| <£ 


b—jmp' = b r 

|b'| <^ 


C " up 1 = c r 

c' <p: (6) 

r 


d—Pp'=d' 

w 

|d'l <- P r 



Jjf 


< u 


d' j c' <V i 2 l aTa jS^C-jl‘0^>*(_^- J 

n r 

£jj p ^jiJ ~f~^ 

<b i & ( — J ^ j-i 1 C*Aj_j-5> — pft. U —L.JLj \ ^ 

Arc— \ u * J i\. iu *i[xz* jj! j a' ^ d j c 

( 2 l j$*I C-Jl^ ^jIjJ • a' — \ aTi^I jSs-a <-lJij./ Jjl C.*■<*./ 

jc <b * a aT i j? 1 -" 4 * jj—Ij cL L d ; 3 c* < b' 

jc—l f" jj j jLLi*«<t> d 

* p! jb YP b ui^^J 

a , '+b l '+c' t +d r, -. P y (rt 

\j>J*ji*jf 1 j_^rt .:>^ p' jl j£*~£ LljJl p" oTj* as" 

• j*i J b ^ j^> ^^atA iyjx£ lj (^) j (f) /jjtadijlj 

(a^+b Y +c Y +d T )(a ,t +b' , +c ,f +d ,Y )= (v) 

PP'V 

/! Jj 

A=aa'+bb'+cc'+dd' 

B=ab’ — ba r +cd' — dc (a) 

< 

C=ac f — ca'+db'—bd’ 

D = ad' - da T +bc r — cb' 

\ -ti JU>1 ^>1 jJ (V) Alaj I J d_jl <-> 


A Y 4-B r +C+D t 



^ J* t 


m 

(6) aLj!jAj tery ^ ^ J ° j^ 

A=aa'+bb'+cc'-|-dd'=p'(Xa'+/Ab'-l- (\) 

-f oc'+Pd')-|-a' x -f-b' T +c' T -f-d ,r = p'(\a'-|-fib'-f-oc'-|- 
Pd'+p'^p'A' 

dL jl jUaj A* yj j* J&y j t (£) ikiljA> tery L *T 

: 4 y>Vl> .C—»l ojuT 0 ~*-b 

I B—p'(bX -afi+cP —do)—p'B' 

C = p'(cX—ao-fd jji — bP) = p'C' 

D = p'(d X — aP-f- bo — cp) -= d'D' 

, w^x^o Lao. xt i ^.a C 7 »B ; c/^ja aS^ 

: cjj^saj jly^* aT ij (V) ik»tj 

A’+B T +C+D x ,=ppV (w) 

J* Jij O °) J O) jA> A>-yL & 

A^+B' x +C ,, +D 7T -pp" C\t) 

j&Tjf p" A^Ojli; j/t L —-1 (f > <■ *k»lj jjI j 

OjJu> p AS^C—xli^ Aj (XxU X»4j 0 p jS"l .C—*l P^ jl 

(X^L x>- 1 j jl ^iS"jji P X fl-uTf (S^*J-j* f^y* 3 !** 
<f) AS" 1_> ^VUt jU* 0 t) AJadjtfJj 

X*T X*lkL.«x*b (jT 4 jL1m4 aLjIJ j> J •t>«J l 

jlAjj* *C-*l *X-t £j^jl y£^jf jJjX-J p oTjj aT 



Jj1<5Utdvte 


ir 


jS' (\ V) a* a.*. 5< ^UiLu^u *tijibu 

A>1j p (jlA^Vl^jT^lij^A; Jjjt j ;JLiU J>*1 j1j ^jLm p 

& •***& cjt^j (V) &j\j . C~s>y >Ae f iSir*o^M £>**-. 

.Xil; jk^> l> y\jt p” 

f ft +f ^> 33 ***^. 1 b i$Ua.u (^^cr 0 

Jjl *£‘^—1 ,j^3j ■ (►?*■> 

Ai-tli J ?i lj>J t-l^b ^Lj ji\ji^j\ (l*^JL£ 

: 

t x +u r -p (\r) 

a^-jli 4<Jjl c—l p oTj> iS 


t x =sa (mod.p) 

u Y = - a (mod.p) 


ls^j* i — CL j CL^jA ji'Cu ,C~~>j* CL l>Tj.J a£” 

A^C-.jT^IIa^Aj ^ij pJb — ^ ft^'i/U 3 *3i JLlfcij>- p 


f n-f* \ Oj^aj p 


aj aS" c p Jjl (^Uoi_,c ^Lj aS~ juj ^ 
{^3*^** W VL^-I Lj gj* F 


0*3-* J * 

( 5 jl— t -uib fn-J-r 


. ijj ai^l^>- f 

pjl.^ tj-ib fn +r 3 Jjt P ‘ ^u*y* 

Us^c^jj|4i^t ^ Ij (pn~|'^' ^ji*»4 1/ *A~^~T3^~ 4^* 

L-i^^U 1 j z*** n ql (t ** * j<fr ^ It#J jL< ^*1^ 

. 3^ »lfcl J—> iJ"^* jt ^ 3 Ot* «■< 0<blj ^ t «j u 4 V. . 






i r i 


a. -J- ^ ftJjL* j~e- cib j| X*j aaXJL* «iij 
fn+T li^biX^ jl A-liU <UL — \ ATj^kA-fcA 

^y^Ls* *^+ — a — \ a + \ j j - \ cj^L^U* txib^ 

^>b A&jjjla4.j X^jb 11 J t <Jb* ^boXfr oi^S.^i 

t Y = a (mod.p) (\\) 

u T = —a- ^ (mod.p) (\t) 

»^ y~*^* Xj^x*j b«j 1 JI a$* 

t’+u’+N = <■ (mod.p) (\r) 

0 y?j XT ^ jU lj a* £_j~*a ‘P Jj' *-** (_j^; 

(jflf-JU tXi*b 15*^4 jM bv.4 JL) i Jj aS~ 

.xt x*l_^ iju f b r 

i^V^-r* ^ &j\~* djl t^boX* ‘S-^V u^* 0 . 

Fn4-\ t “'^ «x xiaI^ j) jx^f b^x^Y 

c—*l ^»j —* j> L-^ y ^ac ^ i*j\ j\ .axib ^n+r bj 

j ^x* IF tflf-MJj* b iXi.^ a? A>*xb (\ + \) 

tS" ^tl^bU , io l> b ‘ ~ - ^ 1 yk Ijjj b 

.^o* f b j r <Y csV*^ bj b 

Oj ^<j Jjl (^^JL*U J^li t Y J^Uj>-^j tJjLc. db /' 

( ^+\££JjA jZfJ b J ) jV/* J-> t£.jb*^» cX-xb f n-f~ \ 

^jL&tJL^U xi£b fn+r djl L JILLS’I o>* 

Jjl cXi JaI^ ifc» £j j*J$ ^t£ jb^ 




Jjf 


i r r 


: pr^b AiibjTl £ c— 1 j-ijj .x-ilj ^jj o'y b fn-f-f 

a'4-b Y =c 

i j*-^L xL^b a£jj)) axj Jaj ji lj m 

(ma) Y +(mb) Y =— nVc 

m Y C c ^b iJ ^j3 C ^1 J 

p* 

f ll-j- \ O j^?Aj ->jiJj \ jwAl^bo ^3^ 

fn-f-r ^ >1Uaj i«LL»A 

1 pij1-> \jtJ £->j (cJal^M A^j <£jb~* 

(t=n-f-r)(^n , 4-r) = f('pnn'+rn+rn / +t)+\ 

csU^xx *5* ojU; jj! b 

jji xJly^ < xJ-b fn+f Ojj^saj ^i^Lu t^tjb 

XJUlAjjdU^ £4s»jlr? ^j-***-*^!^ *£b ;X^i 

.66 jTT j Y\ i£btxU 


.£iy> f £$Adu>4 cS^IjUJ &\J*S -f £ 

^ j_ 4~AJ ^A» 'pJj .iX ^i)j u LxJ AjSLut 3 1 Jj»j 6jbj<> *£ 

klLxtyJJ t<J.jl jl i^Juu j£\ 4$"iSjJ ^b t>bi . p~-£b 

J *1 ^UxU Jd-V gs* f f^y** A *< Ojj^ 

j yJLi>»-< <_£l{X j y&Aj JuJ>\JJ 1^2* A &il wJ t ^ 

.xy- Jjjl; 




n = ta+f+\ + \=^-M-M+f 
fr=YA+^+^ = \*+i+^-M 




*rr 


l*jT jl <iL j-* *£ j^J 5 Jjl u-j jJlL*\>- 

■ Ji'V ijc F c£V*0** Ojiibo 

w*J* 


' p =a' ^ -^-b , ^-c' , +d , 

4 


pW-HT + y'+S’ 

s 

pp’*= A’-J-B’+C'+D' 1 

: jTjj *S" 

A—a of -|- bj8 *b cy -f* d$ 


B=a0—ba-f-cfi—dy 

C—ay — ca+d/J — b5 

, D=a5~d<x+by—cj3 



(*•7*^(_£■* '• & *>■ Ij A ^ ^ —*■♦ ^i<-l—A> 

<jlc-i-o ^Ujju- t 8^ y *jS <d <c <b <a <^Ui4ie. aT" 
^ ijiy- d j c <b <a ^ b v ‘ft Aj* 

l 5^ cJdl>»>jl-U« Tf j ^jjTc--<4j Jj J-J f\ = tf 

A AJ If-J A tf lyj .£~+J jik* 




Jjf iStWOC 


irr 


o^y^* Oi' 5 b 5 jy *P ‘a <d *c <b <a 

*T'ajfLUf Si y <0 <a <d <c <b <a L5 ^ J ^ 

jSb (^laoUx JLL* L>«ljt jJ . -Llilj 4Z^b <3j* Ij A jiai* Yf L^.jT 

a' r +j 8 t +Y T “i*^ a a x +b T +c x 4 -d x c£ 

<C <b <a ajLS"a*tiL* lj L JUlJj tJL^u-J Jil ^U^a* 

A 15J j* Yf c JUj-i k_jl>ojl y+^*j 6 j y‘f$ ‘A i& 

i 

f ij d j c <b ‘a I .c-ib a^l^ ^ u a/T^ o—b 

lsV *'-* ; Ss y ‘ft ‘ci^s.j pyf «jl 5 ^iLu^U ,>a*. 

lj>j Jij u^ia^ d ^*) ^ 0 tSjl—^U 

. (aiL^ ^ 0 ^a& 


{ 


a=> b— y c=r d=? 

at=\o r /}=\o x y~\o 5 =m 


(Y) 


fjj? J^bja^a*1>. \YYT ^ o»*^l ja cAj'^ 

.a^I^-c c~**a* A i^ljj <-j»Ii>i.,* ji-ii-t Yf A-tt ^j1 

ja L> A Sa^T d. jjaUL* j 1 ciL 4$"ajA ol y^y ^S*aL*aj 

IJ (Y)^.aU. /»**u ta^r^ BCD ^ilL jl 

^ Yff ( 5 ^^ O) LfbkAjajlj Jj lj IjjT j£\ j jSu Jo.jy 





A=urf 
B= \ *r- Y c f ° 
C=?\«-roo Y 

D“ — fr°° 


Ija j ajUi*j.>j* tAj'-ii*^ 

Ij ^j j >»<* * ■>—O t J ~“ a 


A' — ^ TY'f = A 
B' = Y oo r- f° 
C r = rf eo " \ Y 

D' = foYo—fo^ 


(V) b 

d _) c <b <a. ^ f Ji*V 4 i *rc J V u?'* fcA * 

ftj 3. *—•<*^ c 3 '■-“* j-i IjC^jY'tYM 

C—~“-1j ->JL£. Ip v^jl ^jj FA C->j^ vaI j 1 j.i . 2 b 

tlriL^J -^jb A 6«J*k>** £>>FA j\ 

tc-i.b jij Ojj-^4.7 iSj^ -M-J Y 'P 

B'+C'+D^ B’ , +C' t +D'' ( (a) 


I jl aS^-a/T^.* 0~»*»Aj iJ^-Y^P *—aj ^jjl j 




Jjl litAMfc 


ir? 


:xi jaI^- (*) iUjlj —a *j a j —a ^ a jtc* J b 

A’ —A 

B'— — (ajS—ba)-j-c8—dy 

< (9) 

O — — (ay— ca)-\-dfi — b8 

D 1 = — (a6~dor) 4~by—Cj0 

:ajj aU*jI jl (6) j 

(aj8—bot) (cS—dy) + (ay — ca) (d/J — b&) + (v) 

(a 8— da) (by -*<$)=« 

wi(f)j(i) csU-dt^ >> d j c fb <a J j A j ‘ b Jj 
1 ^_**?»-• ^ jt A T + B* + C* -(- D r 

j!y l_j — d oT iijy d cSW*“{ O) ‘ibilj j* oly^f* CJ-i>-jA 

: ajjT IjyJ ikjlj j ab 

A'' == act+bj8-f-cy - dfi 
B"=a/?—ba+c8+dy 

1 C’=a Y -c«-dj8-b8 (a) 

D*=ad+da+by — cp 

Sm 

i a c^bo^x. c^a j> u j^kvLk* srl kj£ iy^^s* * 

*D* j C* < B" <A" j^Uaj* ja («u£liC*ju fij y ijj ta <d <c *b 

^UJ j £l «j>V^ »C-*I ciJUu C*«^b xJLx dL*j iJ^^U oL*aL aJU- f 




* 4 * j* 


irv 

<A) ^Uyl ij d j c <b <a <s\jj>- <> W»y 

*T l£_ < ^ j, -^j J-L-* ft£L*j^U4,j If jT <_£l* Jaujt x**»j p*jb1 _)>■ 

4 (f) J O) U^kJtJ ij U a^ C—I <5jrT J Ij iiL 

* Js-'J O^kj o'y LS ^j 

Ji*v’ tf Oiy^ j' (A> **^ij j^ kftjfjZi oiy^ 

ui' -5' ksSj *^o tJjJ* jl j ib ^Uol do c <b<a^j>- f jl 

,*b^—b \j 6 j y <fl <a <d *c *b <0. <-j>j*- A jl 0 ~*}U clfJLao 
Ij 8 jd *4^ V--' O °) 3 (^) 0<>j3^^—'0/ ixijj 

(^ly* O °) 3 <*> ^y jl Jj^-=r A X tf vy^ jiU J ili ^J 
ji *£> J> A*ry Al^sJ ^jjlAj JOl ^JaS'^A A^jj^aJL^A ^3 .O^b 
d u**}lp b aJI**- A~* <j*Jp Jj ^j| jk-* ¥ jl LiLyb 

^ylf) j*a>- aS ""(£ymjkj l-xl^ <3^j<jT aJL*j^ t -b O—OJb Ifi/j jjb 

0°>3 (*) tfltf-Jj^jl ^fj^-r^3 fj- ‘fj^ >- kS’xX^y C—b 
.JjJL>vl-t bj jLLii (A) 1 j Jjljk-x t^bf- 

VfJ jJ^^I jl Ijij ^y" j* IjaJuTO—<- b(_^lfi jJ>-^ljjuJLb 

.c—i ax* ^ ifjT^ua ya-> ^fOj as**jl/Ujo* jiyo Jtoj^ f 

(A x tf *j 3 ) t X tf — f A (A) jbAk>lj jl di \y t \ij 

ajI— jjTo—■» J> oyri k£'{£$Xc¥A kj JjL aS”* X.T Q—JU J j JL>- 

O-Jb- a 9 aj jj ly^ —• 'p ^ y>^* <■ * .*.■>T ^bo^Aj ^jjl 3 . 

»A_ 3 *i y^JUj 3JLfr f cjdl>L* 

^j tf -Jbj|»jjlj^T ) j4dJUJt yX aX^kj Ijuik^yCiib 

D 3 C < B < A <s\j* oJl>- jl ^—*1 aT 

,J^,i vUl y- ^1 wJ^b^L- ilkjy+l* ol-> ^U«j| 








ur^y. •> j-yr ^L^a^ c.~ o i*>l t^fii'jx) .y'Y 

^4 '}•*'£’(£ '& J j . ^ J ^ J \J& _^*^ a ^ - Aj 

J»>yb i, »ni. *j I I ^j T jLj /_c / CaJ^1*4 

*>-j^ j Jj! ajly^ 

(_^^*1 i Jjl (_^l*i*it aj^Uj (j-*jlj 
jj ^-L-l ^jiil a^- boat jjj 1 dJl—>o a£"a,j,> 1 L* j C-**< 1 

.aib AiJ-b -LjljJ^*# AwJUa-* 

Ojj^Aj OjL* _,*> AS" . fi ji^LS^ 'j 

(j-*^^ t ^bib Jb** b j a <jij* *£ t lj a -h bi 

iC—i j* a>-l jl3 j*.* ;^Jaj t i ,jll*U^4 

laaS^ Ja^^jj ^JL^l JUul j _>* aS\i-*I <£ibjly 

i T =-> (0 

l£V“^*“ C ’ J 1 -* 1 _^-4 (_£b>.iA£AJ -k^J^.4 (^If.-LvC- 

^jI b HjS'j* fU*Jl i A; C--.W {^I^IaL^ OI^Aj 

<jly j* Akilj JjI u>^_)A «-> j^> jl aS" ^UAkjij J (\) Ak*lj A*" 

. Jaj jj *b 1 d—aj i Jl (j-asw*^ 



Jjl 


\rr 


■s-L-fr dLj ^$*3* ^U^OC . X A 

^ Lftjkj* \ yT wLbj ) C—Ji lj ^ 

a l . JL^li cl— j.> b j a ;(ic5^+>« 

{S aJp~^JS> C-LiU jk^y\y b J>\ J t - l j A ^ IS*J*J** J * 

. eL—^**1 y*- 

5yi- i iL—- 3 “^ £_ J-* ^J jJvflLtJ t £\^-4>*-a 

^jua>- j-Lfr ilL Jjll>- <^Jl>-j^ 3) 0~—l Cm»j>) _yj* ttL 

. (^ 

a + bi ij*j-*j* « norme » *+ b a Y +b r 

c+dij a+bi cs"*^-^ 4 

;^lj Aiib ^ * f U-j oL>* b X + yi ^ j*y J+ 

(x+yi) (c+di)~a+bi (\) 

Jff i^V* " ** "* <_$ +; *■ «J t> 

; C—Jili I_j>- ji 4 ^jU*J 

{ cx~dy=a (y) 

dx+cy=b 

* juT^j^ c .«.u aT 


ae+bd be-ad 

c’ 4 . d T J c T +d T (r) 


yj x ajujj y> aT c-1 c~*j> jzij +j x+yi ^y>y *•** 






irr 

vl***! C-hdi j* a -f" bi alias' j* <Jiib C-*j3 

• ^— r? Co^^J J 

(Jjl (j^Uo-Lc Aj^Uj *£ )C .— >ji ij_jk,‘ 

-ri^uT^ b ^ a jS'J ^C—t J{l 4 'J oT 

i c ..^ 1 Q1 y^* 4*b^bj 
a=bq+r (f) 

t5i-L.fi. pA r *JbUJ>b J L—-ji L.~>l t>^-Lo CJ C-*^i £jt>- jT jj aT 
bijr* ->k ^ ‘ b jl J C-xji C—<1 

, -L 1 4 jS" (j l)j* ««■♦ Llfi^jwLi 

^bo-U. 'j Jji 

j^jji \j a + bi ^ 4 <j*k -p-** jly 
a -f* bi # *>b ji *£"c -f- di ^j j bj 

^jdu^ c^-ji t5Ui-u . -Lib c -j-di « b.b o J* b j^jjt 

LXj iS* ~ \j j f — \ t \ : ji JJjb lj «4 jLi *r 

J j* p/bLU^Ufi jjl ,C.^1 <l*.& 

l_> iJ—c j4» -Lb . C ~*\ iSJ>^ j* jl jl^" jJj b jj> ti^d 

jj Jb^jiimjL^jT^j a -|- bi C-4^ji A$^lijjT(—>L-»-Aj -L>-lj<jljLfiA j 

< a-hbi jl l - 11 Jjbfi f 0^1 j\ a -f* bi -u>!^»> 

p* b s}s. ‘ »-■»■ » ■* ji r >- jjI . ai — bi — ai-f-b < — a — bi 

ji 2i -\- bi^l \jij 4-bjjljt-fc <Sji^icr^*i -kb>J jl 

c~j~di _-j ci — d jd p.* ai — b 4*x«-b jd■^cr^d c ~f" di 

nombres associesjbJl \j^f jA -u\^ ^-b T(J ii,> 




Jjf *SUW6. 


trr 


o> 

U X- f“ ^jIaj-Lc y J X *£is*U^J* 

J*\yt-^\jj\ ySjy x T -f-y x jfrj* c x + d x jl jZys. b 


b y j x^jy * 

:^L Axib jL>- Ij n j m j> 

i 

x —m—r N y —n=r T (6) 

. sx^h ~ L ^b* j£‘\^ L r t j r N { J^* b ,:: -r^ 

■ j* 5 0) ^-:b *(£) 

a+bi=(c+di) (m+ni)+(c+di)(r^+r T i) (*) 

j~>* ly^b^y ^ 


a-J-bi —(CH-di) (m-frti)+P N -f-P T i 


(v) 

roTj^ jkT 


P N +P Y i=cr^ -dr Y -H(dr^+cr Y ) 


: jl P N -fP Y i 


(c’+d«) (r,’+r T ’) <-^C , +d' ( ) 


~ j' r Y T -fr^^^jl lyi 

(A) c?jb^U U *S* . (V) fUxj ij ol0jiS - ! 





\r& 

Aiy+j -- Ij ^ 4 _> a> J —' t_£ j—i-^<_/“^V i 

ls-m-M-* ja«*jA 4 < v ) *M 3 _)l 4 kl~A+A^- 

lt^j 1 '* */'i*\j* *{* f* b P\-hP x " .aiT>U Ij c+di ja+bi 
c-j-di ±lji£*t$lA4JUpc+di j a+bi ii 

L)Ja* u^ to ^J-f j~J P N -J-P^i j 

P\+P*i-rt 'jc + di SjjUJU o/jl ; <; +P x i 3 c+di 

P r T ”|“P v Y P r d'Pfi J^wH 

jA ^jI>-Aj a, a_^j 

l*>aJLl^.*lj(^lAAj(lj Ijjj c jV-j-i'Lj^iibJ^-1 j Lj jh~0jAy ^!^.jL o jJ 
<_yM (JlvaJ jl IfjTji lIIj ^ JjjJ ^ 

< — ^ O ^i-nu) a^Tc^aj 3>-i_j jS*i , jS"" 


jb-l 


^^a-* C ( j^ j yJ.«(_£\A->_L& O jj.^aa^l jj ( —j L | 


*jr? J 2 -*** w - ^ - 

c3 ,a;Jj) ^*<0 j x^faj 

{_^\jb 3 ««<Jt -4 4 jj ^di t Jj j Li 

A*.\,£> ^y*uA 4 J_^-T ii jl.+ 4 +A 

i {3-'^*u J .J >m ^ ui^ 1 ^3^ 

ll 1^J wIaI j> i] jl<»i i 4 *aJ»£ 

. ■) u<4 ^ jy ^^ Ja 

a^-l j j 0**3^-y? tjW) ail# J3I t^jy^> ^U^a* jl 

J^“ <-£J-rT p” p^'f-pyi dji a -{- bi 

^jI^jLij $ ■!■*-■* p ia* L^lfcJLwLi ^ y+t+A* l^.a p 3 ^ I y j .a^ib p 




J>l tSlfeMC 


\T9 

uT^j Ij 3 a -f- bi A* A i£ f-r^f ^ P *W 

Jjl 

Aj I j id-P lILi <j J>*j 4 j J®, 4^ <3^*3-** Aj 

Jil Ij) ^_^oLJi O—-I ^ J-*i>tU+ aj jjjl j t Jjl 

-1>-1 J ^ jl C5^ 4 _ < ^d*'^d«rd ^il*«a1 

• (p J ^ 3^^ ^ lj 

<jr*J*>* Jjl ->-** ^ a + bi. J 3 < *X\ 

.aib^U; 3 j L 5 rr^f 3 ^ j5j » *&\s>^ J^>. ^,» 

^ f*a x + b T oTajL oUoj^^jI j* 

jd^ ^ t^Lj Jjl j>-lp a T -j— b x twiLi>* 3 i .^jj&Ij>- 
Jjl (3^^ 4 p tlf.il j) iC^.j|j «A®-lj (_iJUu JjUjj 

IpjjU ihjj^a\ jJ ,-LiU 

a T +b x — pq (\) 

1 CT** 

(a+bi) (a —bi)“pq (t) 

iL-p lj (a+bi) (a — bi) vp Jjl p-l-p 
^J^jl «Ji^U ai'jl J*W 

j^- 4 tAi-J»b P {m ^A > ‘ a -j- bi 

3 a -aapj^y, p ^I^Uj .a-ib P^b j a ^jV *&*l 

‘ y.'Mu^d P^d *£ a + bi j ^ur* lj b 

.C~«*L* A* A ^d <—<jdl 3 $3* 


^gtjAjA iSl&ddu: 


-J lf.lj l u*7* > ~ J jl i-UuiJb ^ j 

Ji-^J JjL5 c-*jz iO j_^4j xiL f n-j- \ 

l ?*J*J-* P <j^? J 

p=a Y -hb T = (a+bi) (a—bi) (?) 

t |f ,V4- b A i ^lj j^t I jJj t> L ‘ i» A Jjl (^l^Ljit jjj| 

a+bi = (c+di) (e+fi) 




a Y +b Y -(c Y H-d Y ) (e Y +f Y ) 


,<!**.*.j Jjl tSi-ic a Y *f* b Y aS^c-4*jT^Lj uAj j 

£^.1 ^-* - < ^-*yfe 5* jl ASbj-i^.* 6JlO 

jb 

f n-hr Jjl (jUidA . ^ 

cs 5J»^Jjl jju a Y +b T oTj* ^ a ± bi 4 y 

•^—1 fn+ \ c>jj^ij 

X Id* j^UaJlc ^ j*Ju *S* ( c)T jU»l <iJU j ) ^ 4-i iJLft .Y 


^jl *jUi**I L .£l\£ 3£ .f' © 

t^V*?l _p <jly 

■>/ ^JLc ji 



Jil 


irA 

Ji-V lt* o * j * *>** b m 

:a^.L 

ni=^a r +b r (\) 

: c.£jj 

m^(a-f-bi) (a-bi) (r) 

<—Aj c cJV>» di- <*v_> l^.ij ju 1a ~j~ bi >^a.£ o"b^ 

(jl^JLsU j» L*J ^ (_5*7* > ') L bl 

'pn+r V ;T ^A b(js*: i 9 -Jj' 

: p^*-i3 j cr # J (a~«*A 

a+bi=A(a N +b 4 i) C ' (a,+b,i) C '-' (r) 

•••(ak-fbki) 

Ck J j** 9 J ^-».b C->j^ ^Uxubk -> &k 0^j a ^ 

J.*u. txi>Lj ji-,0jjtb^ ij a^j^l c-jL. c— l jAm? uiJ^-o 
OliU A J*^- £ a \+ ib N 

„ »Xi 

b J pr^tk-M — i ^ bi 4 Cf) ^b ^ 

:C^li p^b 31 p*^:> 

m-A T (a,''+b,' [ ) C '(a, x +b T '') C ’' - (?) 

•" (ak T + bk r ) < " k 




,j*J*>J* <$■ 


\r\ 


^ b m *£*S^iS* A^-iJ U-^.ljl • 

cuL-**wvJ A;>-ij 1 j'* AS^^iJl^ji 4 'b j j-jI jJ ^ j>* (_j"* ) A. 

^ fn+r 

j...C x ^C N . fn+\ '- t jj**i djl Y Jjl *j* 

y^'-j ^ ^j-***-* ^ vik ji jzsjjj a 

:C.-S<jj o! ^; A 3 ■f j$** (_?*_? ^ b 

m = A x B T (a v t +b s T )... (ah x +bh T ) (a) 


iSj j 4 ^A 3 


•XZlim* £jj A^ lj Cjl ^ij 

^.jIoaIj jl^.j 3 jj Ijl^tUj j£J }aj ji -LU.j 


» wL^Lj ^ ^l«4 m ^ ^ A D 

^JU- JjJLJ *1jl*j jlS^^ J* \1+A5 <j!^Jy4 (6) ilajlj bilvT^lj 

^I^J , J-lS^ jjl>*J Y^ 1 ' jl <AjljJ^*W id—e. ji ^{fmMi j* ni 

:-Llb J-»U A«* jl ^jJkLaip^ m aT ^jSj\f cJj*~» 


m= (a/+b N v ) (a^+b T T )(a/-|-b/) (?) 

a Aj 

m=(a v -f-b^i) (a T +b v i) (a r +b r i)x 
X (a v —b^i) (a x —b v i) (a r — b r i) (v) 


ji A^ Ij ^f*^J* (J-*^ ^ •—> , j^.L^\>- a£*J^S' iL-Aj 

ji <—>J^liyt>\>- CsjjnO Aj CJL_*-F A; olCJ,lJLwft> d.i»- JiA_> 
Aff |j \ A-L..O ,_U.J»l> i*1.jL»“ ^-a A^u 1 jl 

^ji k-o lja N — b^i J*bi a^o j Jjl i;*-i a^»lj a^ +b N i J-*Li 







a x — b t i 3 a^-f-b^i^cJ jl Jjl a~*o <^'jj 

tr" ‘ L r , ^* :j ' Jj .W a r —b^i 3 a r 4-b r i ^ j^t* jl j 

p* cJU- 31 jjI jl ilky* ij\y. 3 l^i ^j\y LS + 

^ 3-^3 6^1 t T <J& jj-jj!^Lj j .>U ^UjI o'^ 

Xkiljji aS' n=f *£^j Y n- ' oU* ^1 j ijb 

(^) 

J j 1 Ad .-0 <_jl j> lj jJi\*p\>- Oy £I 

4 


( a \+b s i)(a,+b,i)(a r +b r i) = a,+^J 
(a N 4-b^i)<a, - b T i)(a r +b r i)=a,+0,i 
(a,+b v i)(a, 4-b,i)(a r - b r i)=a r +fi r i 
(a v +b,i)(a T - b,i)(a r - b T i) = a,+/3 r i 


• £-*-4 L> m J i-L? dili^ cJU f <- r yy ui^.J 

m = aS+fc=«S+W=a r '+fi r ' 

-«/+&* (A) 

j a^ +b^i *S" J’y’+i ‘ a!ltjls*». UM.VS" (JjJ-J f jjjl 
jUi 1<~;T i^i; j> *s" Uiu i-uib a r +b r i j a,+b r i 

.xUj 

vd. 


ax \rx w=H , +0-=rr' t +f' t = r\ T +Mr’ < =tf''+Yr'' 






\r\ 

3j *uJ Jd-V l flji iS&* cJ\>j 

,>jjT ^i—J j 

5J.C.J* yt jA jS'* 0-LA 

^ajjT c—Jj aJ* f ciV "./* iS^ji b M*lS^ 

J&j b AJU> ^ {^\*fjUjA (^l^£^4 »u .-Lijli ti^r* 

.sj' I-Uj ^LJjI oiy^' 
*-d cA>jl W _>V~d ui' 3* Grace 

,ll-*t **JjT 








Ujci .1 P \ —» 4 ^ 140 ^ b JU> .f ^ 

J £>-lj 1 a JL» P - Jjj> Ojljji ^ j*,^ >lw4 

|*.-^1 ^p-^Uj _p jO \JL* (_^ I j ^ «U l^U I j Iaj^juLa Uj ^iuU t l o . *? 

^ ji^ ^ ja*a4 lIj aj I ^jIaJ L»^ Ji *0 4 j—S" 

O^J* T^v,u* 

f(x) = a o x n 4-a N x n -'-(-. . .+a n (0 

g(X) l>„ rl ^ ^ 

jJ> 1j <j;IjJL*>- JUJ>- Ajf u~*j <vl~-l ^Jb^lpy p Jj-U 4j c.. 1 ..j 

xJi.taXjUi^A tS’tj^Aj tJLibJLLib Syrj h(x) J^> 


• _ib 

T- • 


f(x)sg(x),h(x) (mod.p) 


(Y) 


C jUj g(x)j* f(X)*^ ^dUp 

I |*^ftilj>- ij^jj <£s&r tXitj O-^j j 


f(x) = g(x).h(x) 


(r) 


p Jjl iJU «1jlJJuy» ^1 jl^j (t) cJl>* ^1 j3 _j 

•*Ji 





\T9 

(diviseur apparent) ^ nbm 

i^-tl* Jiz-ib Ijyj aUol aT^aj f(x) tfUJL*- jll^ 

f(x) = m.h(x) (f) 

^l*-j 4 J 4l~—ji 1*0 4 h(x) t-d 

A fc^\ >*jj •U*' J>-y\* ( jJ*j m y f (x) iS^t-yy* 

4 a Jj Jllfel j>- f (x) A-jU ^ J~M* XS aU lj rn ^ j** j\ 

4 c-ij—s" f (x) ^^j m 

A^Lt ^ 3 +t^A 4 h(x) C^IaA^ ^—*1 ji 

. <■! .-Ma Ja 1 3 >*-> 

4JLi\_> P ^ISC-Ta^Lc ^ 3 +ujLq (<^IaJL:>» <-ll>* A£*^lA J 

,'C—ila X t.. uiji j|ju.«^fc t 

f(x)=o (mod,p) 

(_$ I aJu.>-JL 1 >- tp 4 XiU a>jA X aS" <j 1 ji 

.a / -Ul y- alt !j f(x) 

\>Ji ^Jie \jyj aJL~. CAjJfj* 

_^y-.iL« Pj^\ v si*.—\ J— p All ^jN 3 f(X) 

^ f (X) i^3 ^NV* w*»\ vAiU f (X) 3\^ii\<Ac. 

q ^V j^-sT^ P 3* X 

\l* AmIa ^>t4j94 P d_d aAt a5^ w«4$* ^ 1 3 J f_ 5 *^ ja 

4 C —1 f(x) l£ '• a ^>* v __ s 8 * cA A* Lj 

^^ APx.a^$I aA-J.£ ^ j) « > .J * aJ L> . « 4_«—1 l.S*' aS"* > C 5^ jj 

m>-^i^T^i^-Jljj j p Jjl ^Ua-u Ij 






a&jI i£\jj j Jjl r j q j p ^Ui-u ijJ-U p a qjSj-y L ^1^ 

r Y qP 1 p^ ^ ^ ls*^ rn j* f(x) 


..CL 


^j$J* L* 4 j |j A*JLfc^ j*mAj>j\ ^-JL>* 4 j Va^s 

jljjj jA jt A^Lj Jjl p aS^J A «■/?^ ^jjl 

: riJ b x 


g(x) —XP-X = © 


(mod.p) 


j aii^a>*1jlj jjiy g(x) c^ 

PjJ OjlJiJ (_£_)I^J>»Ta.£A.£^^*»«j1a 2."*^ 

, C.-4 ^a>*.^ aJx ^ ^<kit4 0 I 4 & 

l)^ (_^1 jj> *S" a ^>- c—.jL L* 

^Juu j \_k^a A^^aA a£" C.*»l ^ilS^ ^jA>*^j» j*.i- JJL»- lilj 

jl^f*Aj 2 ^Akl-a Jk .^“^ l j0 T^ ^ 


^Juu j \>^a A^^aA a£" C—uul ilT j-.fr ^1 <*.!*.>■ JJL»- ciL 

jI^Aj (aIaI j0 Ta, j^Cr *-JJ 


• i^ j »j 


A-.JLa_> 1 *>Ui iyj.} sSj^> OjLfrA; 

, JjL-jLX^Lj \j^A >*4 (^IaaJ^^^ovjJ-* 

,Jj!jj !j ^-*.-.^.*,5 Aj_^5nS*i-A ^aLI L»ji A^dJ 

Cti \ ij,>(_^ljj <Uji Xua 9 (<tfe4x^ »p y 

Ji-j U^j J V-^ 

ju pJj! ia^j n j> m u jjd^> U-^Tl ,\ ^1 

^jjil^ U- t *cl p/3 jj n J-*tfr j pC jj ni J<«U *£ 



J jt 


jtMur^i p ff +£ y mn 

y. m+n yMj^i p<* y, n <** j m p* -y p* 

*Ulj^ J jdj' U ?J>%j pOt 

j *^L Ji jl 

^ ® d.** P djl (_£ljl 4 j 


; C-J*b P*aIj>- 1j 


(x p —x) a = • 


(mod.p ; 


jl ijJ'jJ*. LsU- 4lj|j «—>- C*- 4(6) ikjlj J-J® 4«^4j4»-ji 

.a-ib^ p y y_\ iu ^ i J^U ot 

<f Y (x) <f\(x) < f a (x) .f **** 

jkjji lj p «lJjl jju. j C—L Ij f^, (x) 4 . . * 

;C-^b ^y\y- I jyJ 

F(x)=p a f„(x) + p" - ' f\(x) (x p -x)+ (v) 

p“ -Y f,(x)(x p -x) T + . . .+p“ -k fk(x)(x p -x) k + 


• • - + f (X) (X p - x) a = 


(mod.p a ) 


* J s J \ i~JJ jl JjI 

j+*JU pff \j F{x) j* .f *±«a5 




l4JUjr 


m 

oli obU (V) iS jb*J t5“'?*' 4 O^jj(j*<Xib 

•^i P^s&rjf <* 

c^b‘*l jj&A jtJJ b \j wi jA ,^JL?f C#Uf .f f 
a V-*l_y f bj (f\ji *£«<«* (j^ j2» ijt+b-4 **^j1 i$\j* 4 (_$■* 

J p*Aij^» (jLU (X ^ (^1 j!Aj I jj I \jp** lXj 1 t<^—‘tw.** 

wJL^b C—j jJ Cf j) ji£>-(5^j-J ^b.5 J tt iS^ji. jS"l 45 "^4 

fbJ l$\jJ A^Jxi «—JpjJjjIaj ^ OaI^i C—_p jJ 0f+ ^ iS^ji 

. J jj JaI j>> C-j 15 p jl j&> jf ff 
4iU b . ^5" C^b 1 \ !j Y Ljii liiil xb Jjljjbj 
.JbT tf 4j<> jJj Oj4j (V) aJsjIj 

F(x) — pf(x)+(xP —x) g(x) ^ o (mod.p) (a) 

C—b (5 g(X) jf(x) oT ji 

4JU^4«j 94 tp 4T F(X) 5^^l-O - JJ>j* OjL %U«4 Jj b . i IVT ttJU 

• ■ij-i 4,irti jj ^j J Ojj^4j Xi»b 

F(x)«pf(x)-f(xP—x)g(x) (\) 

( 5 ^-i^vi b ^.jVjIU^^ g(x) j f(x) 6 T> aT 
lj F(X)l? jbx>-l 

4Xi ^ pj J?. tfUU*- **J*j?l 

J C-.-I X-ljb Jjl^j -4-U ji XP xP— X ^ 

b (,£1^1 Xs^ t|*^-*.4j oXL^ib j C~»«JS ^rjb*- ui^^f 



Jjf iSUOJt 


Ijjjj iUwl •k+t\ 

F(x)=*(xP~x)G(x)+H(x) (\o) 

^ H (x) SoJUjiL j G (x) s-* - <•> aT 

p— \j J .\H (x) **ry uT jj oj^U j jj.;^ d— j* 

li^L A 

• T L5 

(jjljlAj J d—^^ dL (\ °) aJsjIj 

A.J..C ^ l J P L *1 .} jd ^4 (_£jld* dljAj JjdjJ 2 i 

>*y ^y*- j>M<J***.p s- a J'-H F(a) Lr~*' i s>j* F(x) 

a uJ'jW 

F(a) = (aP-a)G(a)4-H(a)=5 o (mod.p) (\\) 

j d ~**\ P y. aP — a ^ j~* *?«** <3^ ^ 

• fi 

H(a)s« (mod.p) (\t) 
j d~*l p— \ jAj* jiS' la_>- t H (x) tS'-d-^ ai>- a S p-sif 

pr !, J 5 <j-* Ui^ji^i 

H(x)=a^xP-'+a T xP~ ,f +- . . . +a p (\r) 

-d J ^ y a a p j...<a r c£W**ri J*’'* oT„ aT 

cJUdbpjl ^j;-! JiUdjl ( ji\j£\ 4-Xldb jJ ^ 

j -£>"pji aS""j I d.«*Jj Ij a-CU-JL p jj L^j 

ft '‘*y 



l^(4i4*iX^C>0>d v5Ufe4fli*fjJU 


\&\ 


I a^=pq,H-r, 


■i 


a x = pq^+r t 


(\f) 


a i>—Pqp"f“ r p 


V t tfUxu q p j ... rq T iq v £jU *jT o aT 

PjLr^^r.^r p j . . . <r t <r N j LS iL, 

‘-r *^ 4 a*) {J* u*j* U«JJL-ib ) *y % J±h\yl> 

j-jj OF) j 4 0*) ^ 

:> A** 

H(x)-pQ(x)+R(x) (\*> 

L* laX*_>- R(x) j Q(x) uTji 

0 *) *V>b 1 b 0*) 

pQ(a)-hR(a) = o (mod.p) 

J|—Q jtjLljjfe aS^ (_g A> 

R(a)=. (mod.p) (\p) 

4 P ^f u^^* 4 ^* 4 -^ i ~*~■ ~ fc P J^TJ-S'R(X) :i j^ jJj 
;(4-iLJ jJu<» l au aS*^UJjI c!m«1 P Uj 





J/f 


iar 

R(x) = • (mod.p) (\v) 
l>wT jl j iy p— \ j . . . i T i V ii>j p— \ t#ljb 

R(x)=X(x-0(x-t) . . . (x-p+>) 

s(pp-'-\) (mod.p) 

Oil; X=ptfljW J—iV ( W ) 

ji j iXiL p jl Jjlj aS"i X, (js'jiliJ J 

:C~M^ \j yj 4 ^l i 

R(x)=o (w) 

:pok 0&) **ry ^ J**i 

H(x)=pQ(x) (\A) 

[Jj* (\ tt ) ikjlj ^ 

F(x) — (xP— x) G(x)+pQ(x) (\\) 

. ^jS lLjU dS^l—'1 (1) ikfljOU* Jjl J 

^ d^ij ^ <X *r ^JU. o i, r £^-~s>- *> 

j— S” i ^jk>$ JU L>4 a : .^ij j-j .. ^ 

cXiLc— (o\ j\y£o-jf j) ot ^ iS^j* 

*>y jy a+\ &\y 

J>y CfJj'k** 




... ColA 4 j£f^.£e 


tar 


F(a)so (mod.p a "^"') (^°) 


:^>jb Cjjyfi 

F(x) = p“+' f„(x) + p a f s (x) (x p -x)+. . .+ 
+ f, + v ( x )(x P -x)“ + ' (n) 

jtj> (jjljta f (x) 3 ••» i f 4 (x) 4l>- o"fjJ aS* 

a-|- \ 


, ( . I !<>ji 


JjX4 ‘ <* o'y ***** * 3 -1 (j J J^ t» Jj 

^IjIAj Akllj i<Y°) ikilj4jA>-yL O*-^ 4 ptf 

i^j; ua! js*- w .-* 1^1 a 


F(a) = o (mod.p a ) <**) 

<_T*V p ff -^ P**”^ ' Ji *£ tS*'**jP \jtj 

.<3 jj JIaIjjJ- 

a tflj! v V** aS "*>! 

:>j£ al^» jJ j Oj^v>aj F(x) cjIaU^* Xj>- 

F(x)=p a f 0 (x> 4 -p“~'f,(x) (x P -x) + ...+ 

+ f a (x) (x p + x)“ (W) 

P fl jt X Ifl jl** F(l) if JW^. 6Ui &JJ-* uil J 



Jjl lSlbAJC 


^ J J jl AS"" |»~> \ jJ J 

4 p* 5 L ? 4 jLj* ^ 3 - X L^W*^ - vl—P ^ 


-r*J* 


a p — a=bp 


(Yf) 


6ccL—^j jj\t t{ ji>*j p ji b 

F(a) = p 01 f, (a) + p“ " ' f>)bp ■+• < t6 > 

+ P* * f\( a )b r P T 4- • • • +■ f a (a 1 ) b°p 


F(a)---|f 0 (a)+bf v (a) + ... +b a f (a)|p“ 


(t?) 


*S"O-t } pM IJ-L; p a + \ A F(a) li'y 


F*(a . b) = f^(a)+bf, (a) 4- . . . + 


(rv) 


+ b \(a) 


i a o->U (tf) b * j-ib P j> 


•^lt 4 


a jUi*^A F(a) o'O* ^(Y°) *-♦ 

j\*j F^( a > b ) ^y s.^yjr***. p a "F ^ s. 

(tf > b a-u 6 1 j<* ^ 4-iil# jjSj^jj^j p^a 

p ; ’*^** a*Fp?u a (Yf) y £\ t O u A * *^ 





1 A6 

\Lu*jZ X) 

(a+pX) P =a P +pV4- 

(binome) <j\^r j* jj*~* \j±J lL.»di <_£.J JU- jx 

(a-f-pX) p = a p +P aP ~'pM- 
+ P(P->.) a P 'V^+... 

JjJe* ^U.7 t Jjl l£2JlL ^p _>JU 

p'f( (JJi aX«.>" J>->0 iU 4 jU>" ^Lj 3 » l . '»*« fc i 

(a+pX)P-(a+pX)=b'p (f) 

b'^b-X+p/i (n) 

4^pJj>UAj C... » J -* •■*. *f\( a ) *^(*0 

f (a^f-pX) j . . » (a”}-pX) <f o (a+pX) s**?^ 

(X 

a + pX iop ca^ (YV> > /1 

X^*4j p+A* j\jJ b—X <>(T\) t^b >•** tsW*' j 

:C-*1 lL^*X *1 y**h jldi *ja •i—S** twU^j >^^3 

f.(a)+(b- X) f»+ (b — X) , f,(a)+...-f- 
+ (b-X) a f a (a) = 


O 


(mod.p) 



Jjf 




jl a ^^ P jl y^r>-^ b a+ \ 

b— Xjl^i* p— ^ c$lj^ 4-Ui-u*ljp^ p— \ 

cSb* ; b ; tSbri-r * X p— \ L5^ a*ly Jilv* 

j *Ji -^b* CJL^a p —X 

f.(a)so (mod.p) 

i\(a)==° (mod.p) 


f a (a) = ■ (mod.p) 

lc ^^j-Uly t$ly J a'd_pJa jUi*tfljUi ilfcdxjlj jjI 

f k (x) =pg k (x)+(x p -,x)h k (x) 

<jLijl.LL f k (x) y*U* (Y6) AbW-y a?C~m\ 

y aTc^j u <j ^jUu ^b ^ Jy ‘dub J' b 

L*aS^) Of-1- ^ {jjly ^J <^Ud A-. j i AS*-Liili 8.Li d -f- \ Aj CL 

^lU cUk* oys'l .a^^ CuU (^y^u^y P jl lyT 

J ^ - ,y c~d p jl yf jy a b ^ 

?* £ JaI y- I-Lvi I^JU 4> A-ki |> ; ..«**i 

obbr* cs^d-»*i *P jsT jji cS^$* CJ 1 > .ff 

jl-lky ^1 jl aj aTC-* y a>wL> pP a>- jj jl ^IaJLt Jkl>- L*j—i a.^ j aj 





I* ♦ 




1 AY 


ji'hur** p P+1 si* 2 * 

X P -X=p4 O) 

cP — \ J * L ' <>X C\ t • jUi* p b P Jj-UAj lL~~J £ Jt*~* 

<S&i* 'rJjj* >y 2 c£y. iU *X aj *rui-1 

.-lib C p— \ J . . . *T d t° ^bu 

• fijk 

(x p — x) p —p p £ p < Y ) 

:(\) Xkjlj jiij?b »j^Vb j 

(x p -x) p — p l> "V (x p -x)=p p (i p — 4 ) ( r > 

:^jjb l*ji *?yb 

JU>|j>- tl —“ji i £ jlJ jLo^ jU< 

:^jb 4^iJ 


(x p —x) p — p p+ '(x p — x) = A,p p+ ' 0 5 ) 

(x p —x) p —p lp+1 (x p —x) = O <*> 

(mocLp p+ ') 


Jjl 


^ J < »■*** ^ (ft) aJojI 

La ji ^4> jl wwt»l (jj-L_> Jaw uiL aJojIj a 5*3j-i l. ' .i S ' 

dL U juT^ kiwJij 

Jjb^ pP jl tSl+L-^- a*-j* ^i£* jb^ J* 

Jjl b F(x) y>*y* l( ft) ^kib jl 

cr" (*> *Mj 

G(x)^(x p —x) p —p p “'(x p -x) ( f ) 

( y^ £\ j ft-**? 

F(x) = G(x).H(x)-f-R(x) (V) 

R (x) “-^Lwib 

p j' ^yy jS ^ ^3j+> b 

Jji <j\yk P *-L*fj~** wjjvt^.bi aTO wL^x^iio 

^—1 p jl jX p jl ^yy R (x) j-^l **_* -^b** 
H(x) ~*f y+=~*r b H (X) ^s^^sKaaAs. id±\j ji Ju L £S* i 
fr^y ur* * ** (r a^ijIIj ^jS ij* ^;~ a i G (x)jj *j^j 5 b 

pPjl y^-jf O^O^y *£ 

iSjr^y. jl ol>’^ ^ csb^ ‘-'Wj* i£\y. 4>^3j 

(?) ik*b ib-J^ **" G(x) iS\*±+*r -U>* 

I C—jldii J* (£\j\A+ tvlwl pP + ' jJ i C—i 


: py 


G(|)=Xp 


P+1 





\b\ 


• pjAl^> cKlj*k; J 

!G(£)| P -P P ' ' ’0(|)=p p(p+,, (A. p -X) 

n-iL X,p—X=p|i » j 

[G(|)] p -p p, -'G«) = P p,+p + V (') 

*—LS^*-^ *jii p■ ; *** jr^ii 

> ° ° ° L ^-i jl (1) ikji j Jjl d>> -UjjUd ^ • jt p Jjl 

t^yMb pA j -U$"^jjUw 

4 2 i i -i J f »JU ro . u 4 , 4 t* 4 iA ImJ fAJ &JLu^lj ^ 

* h *» y v •»v * 


u^jir-u i, defy .f^ 

ui>- tp»u (^Lt4jU p^-JL* jjT c~-J_> t jyj ^j*s> ^Uftjuli 

jS^i >Aj JS 3 j*- ^jLx.» ~Ll>- L dL L 

t£->-U- ^glAA^lgp j .4i. i < d**«t p-lS^ cSjjT.sIj 

jJ 4^Lkjl ^IjJ t po .>1 ^ *'jJvUtJ* >U 7 (»ft P Jj! ilAfi V—I 

jlciL^fejj aS" C—*•! pjV tXiL jjXj^jZJhj c-»j. ^ I. <-» 1>- 

.JuiL \^X»Ia (j t 

uT^U^ii* j| dL^*^ d-w \j ts\iX+>- ^ **rj> ois&jj> 

.^U^m 

x r y T +y r z f +f xy 6 + *xy z r +vz r -+- \ (\) 

jl Z Aj C.««»j j it y ^ ^ r** ^ ‘f j- - X *{ £ *?**> 

**J d <•>** * <jT jijSjjj J pA-T *»->> 


J Jt 





. (x r y r +L**rj*) C-~J ^1aJL>- x* 

jl lj p Jjl ^y*Ju *UiJJ<_£*-> lib .Jjt 

P ^ oT a£i>\ J>** t wLit Ajuili in jl jJ’b/U i£\**rj* 

.JliU P jjJsiu cxil> jjXj^J*^*J 

cC-^i ji>- *£ 

^<jr» ^1* n Or** ^ 

Vr'J 5 Oi^. -> ^ j~> n+ \ j-j Oj^^xXjI ji 

( \ )<J>I bL»- »Ai>“ ijll* Ol_y«fc£4j , (#■! jaX**\ \j*3 j) xS ’^ l>L/ 1 

fj\y ^ c >jij b 

:C-^*>i‘ ijX>- o^ij-* b (\) c-mjZj+xu Y L> 

y r z f +(^x x y x +v)z r 4 -x r y x -f-f xy A + \ (y) 

U j J ^ Z V^-H Xs* ^Xaj 

jT J C~*\ m lj y\ji. jf l-A>- i^U-L*- Jl>- 

-H .c.-i m l^T i>-ji ^rio^ jS t xxmjl y j x jl ^j^I^JL*- 

jr^J j-fP A »A* >^oL* ^ji A--U^^U44 £<j^> y 

cxi^iU lj ^u.; p cx^b Axib m ji 

( l A-lpC^^fcii -L#l^ j^-w P »»^b j\ 5 wT<«Lc 

*^ A 4 ( c -* ^ i z ;;** *^ l " ,,..J 'p A—>■ j-i jl <_£IaJL^»- Ji>- ^5*") jlAL 

j j A*ij~* % 'i P„^ yn ^jI 

I * - • 

■ »i4 » 


Jjl t£ I X**- ‘ilj jJ m^gl^t^AC 



Cwj JA 


\ 9 \ 


jij oi-uli Pjl p 

: f~S' LS * ^ U ^.1 


r xr=x-hpx, 

(r) | yp=y+py, 

l zP=z+pz N 

zj y 3 x *- W jjI j 

c X v ^r^ * z jy^ X jJZj**** J^JJ 

jl /NL *Tlj x jl y j> \ .juTjaI ft- zjy <x ‘Z^ <y y 

*£ fr'Jijf* '*-?**> p-^*0") *-^*-j*j ^-*1 P 

*^>-^1 P jl y'uci^^^r^ ^ Z3 y j x tl~«w 

^UiJajlj jl p jl jJVIj c£l^»-j* jl y v j x N *j * ■-■■ : -» » * 

• lt* 

( v | x,P=x N +px T 

3\ p =y*+pyt 

'j J* e J ; 1 P j' y, j x, * s * 

U ( *^‘-> c r‘ *4*1 y T j x, <—?s {k**^. (■*$ 

» ■ « > j^U^- ju 4 jl 4^ .*yj (_gl4 JL^>- JL>Aj J«£ ^ju ^Ijju jl >Uj 

^l>- JJuj z r j y t <x t ‘Z^y H ix v *z <y <x Ji* 

•&? t>.l ^l J j^ a r *^r *>J *j>« >> Ij 

p Ji l)"I" iS'^^-irrijr* ^Uj aS” cL-*l j~±^jr*+* 4 p* 1 t P jl ^l y jt 

-•^W 

• pibjiJ JU* 




Jj< tilAWe 


\f>X 


P(x > y)=xV+Axy r +AX T y+xy4-^ (») 

i* j r j> j f y'j; <jT *f 

^>*>*‘P(x > y) y j Xj?l *£" ijj*ji .c-ib 


| x v =x+rx v 
I y r =y+r% 



:-Ui^ ciL j 

P(x > y)=uxy-Hvxy N -Mvyx,+«j v -M 





d9m ^ erf' T? 

t cAr4 6 **"' *^i jl 4 ^ 'j<^*f~* ->V:-^i jl (j***-! 

^^LtJJta j o^V-* C—-Jj Jjl <_£bbiJLft SjIjj.} 

*£" iC—*^l asjJ* jl ji ^(s) jjf ~*■« £>Ij ^U*!^ (_^Ui^>eu4^>- , 

ui^-rfj U^j*o 

l(s) =• \+^r+^r+^r+—+jr+— (\) 

c<di^i ji <3jls Aijij t JLJ*l.*U^I j jl ^iS'j jj S <~+-*** j-i'O 


£(s) 


= (\- 


^r)0 ~^r)(\ —^r) ••■ 


(T) 


(' pS ) ••• 


<juUj.i AiU uLlJ Jjl ^U.; tiiulj jj! C*J*j* 

[ cl.JJ jIj d-<^_0 (_£l*OJ£ ^l^j (^ ^Jaj|j 

\ 


\ riS 


' +p 5 +p» s -t--"+^kT+-"- 


(r) 



Jjf cSOuuc. 
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ft* 13 s " f*j* b (V) jL*j ^U: j^lj 


i(s)*» 22... 2(-rV-- 1 rV--V-y 

\ Pl K 1 Pt X r pn K n/ 


if) 


j} k n j ...3 k T 3 k^ <i)T j-a A-S' 

k T j k N yy ^ c J - u ^ is* b ^V'ls-j ^ 

(f) Akjlj AS^ ^ A>»*lJ ..lib »Jui ®*L L)bw jL& knJ ♦ ♦. 3 

aj jUIILaj LpJJ 

ajj>*; JjI 


tfLA-^jl^ k*JJ Ij £(s) iglf - ygUjl < jUjj 

jl ^jL^j j*-a oLjj >*S j—# j! ^ j*J* i y^ \j —<Taj 

0 I. U 4 A ibjit *-^j^£(s) b J 3** ^-*3 tjULu^Lj 

j iSs~i 1 >« Jacques Hadamard » A*LLi\\> jl -ob 
oUjj^-L- 1 oii-jlA^ti^ ^b «De La Vallee - Poussin# 
oTjl lj Jjl cfUiOA « Rerefaction * 6*^_>*b ojjtfj 1 j 

(Jjl A!Jju aS^C—*1 ji L>Ll jjjti .JU^ Aj>«*iJ 

:L C— l J3 ^Aj X jl 




■(^J^ cjtij* 33 ^ ^cr* J 

x^N%x 


13j£^ 4 A>wJj (ft) ikiij jl LI 








) ?Y 

togX =* %N+% to$Ot (?) 

Lsrij^Jj^*i 0\y^ i£+**\ Jl.± logx aj C-*«J toglogX Oy? j 

(6) aIuIj c5^r^ 

X —Nfo^N (v) 

1 >ljIjAATCw«^ j**—* l* j> j)*»LA^l>«j I (_£iljj jVS^" 

t<JL.* j C-*l o-uT C-^Jj (?) j (f) ^UaIsjIj Ij (^*j^ 

(jUoJU i-UJ <jTcLL5"ju IjLj < 3*0 aUjIj < 31 aS^C—- i 

aj^L-J. Jjl 

jJUTaj Soy jA A_T^V^J^ j' ^ ^ 

♦ fr 1 ^ is 4 ^-**' (yLJl* cjbT^jl cJj^-jU-jl £jU J tl—1 (^U 

aT^ ^Jl> <j J J^ Ij }yf- U fJSy JjJji 
tJjljZj aXJt\y>~ l)T vil*^4j \J ^.-JLS^ IJU (?) j (f) (_£l*kAiaj|j 

(jlj-* -Ij Ij I A-»j£>Ij ,-IJjLi AJL ■^U Al^j JjIj* Ij £^WjiU»- 

aT(^IaIuIj ji l^jj ojj li-iT « (3 ^.juIj J pJjl&J ^yLa-Viu 

Vr 5 "OUul» jl lijb ^srj ^.j^J p~S“ C~>L k Jj b 

y->~ 9 ^LaIv<l pjb J 15 v-»Ij ^.>L»j->- dii* j! «Combmasion» 

• *f 


Tin 


C u* 

Tm Julu l> Uwlj .fY 

aT bm^m 




Jjf cSUtaje 




ft (tin) (m+ \) <£*•** oU* j 

ji Jl£*b ^L**- <^JLl* 


\ ^ 

\ 1 \ (T) 

^ r r \ 

\ f 9 f \ 


C-if d\y LS * ■ C f T ~ ? : pijb m —t csO^ ^ 
x £\ ,c-*-l (x -f-y) Ym j-> ji x m y m vi^ u^+* C t ™ 

■ ^i^Lf 4 ufj* ji^ji b y J 


m Xm 

C <t 

Xm 


<o 


b oljj^ tj (V) c^jU^ U 


\ 

Xm 


t 


X«n m 

<c 

Xm 


(?) 


: f*jk 0) ^b 4 *-! CJLi-ji 


~hr c = 

X Tm xm 

_ \XYXtXfX. . . X (tm— \)ym _ 

tXf Xf x...x(tm — t)xmx t Xf x...(tm — t) xm 




t# « 


<j ji 19 


\ 9 \ 


J-*!* tra ji j-* j* *£ o—I <y^ *Y Tm s> C x ™ K$\y. Uj 

. b t iJM(m!m!) ^ ji-> j >-» j* 

^Czjbjjfj Cjjj*p jl Ij jjl ji j^\ <j j^\ 

:0~S*li (4-J _$1 £jj i-U m ^ j* aJ.v»l>-) pOS^3j>- (£) ik;lj 


\ c I MXrX^X.. .(tm- Q 
t* 1 " Tm tXfX?X tm 


l^jj 40—I *A>-ijjl ji^>-ji"”^ji l3jJs> 45”"Oj / jch-jl) aJL^Ij!^ 

^jjl Lol $ 0—1 cJflJij jLftji ^ jiij4 i*Xc 

:o-iy ^jj j o>jj*^ b 


\ q m _ r X6x v x ...(tm— Q \ 
t Xm xm tXfX^x...(tm-t) x yni 



(V) |»ji (-Jj-U ji cOj^val^lji aTiL-4 (j^JJ J 

i_)^jl i~^ ji i«A^ lj£J . — 1 *A>-1J jl {_^i •At 

j <r> ^i^jL^u t (V) j <f> ^UaLjIj .c—l j£jy 

(^lA«L.lijij 4— JLaxjAj l^ojU — Lj 0->li b (Tf) 

:ili oliJjjj jji p* 



C m =K.t rm 

Tm 

—--< K< \ 

tm 


: fijbcsr'b*-* °V' 



Jjl iStAAJe 



o 


K 


m 


(0 


(A) L* cjjUh y ^Jj jl«lA* Si oTj^ 

-> 3 0) b C Y “ ^-j-5 .c^-l 

j) yJ> Jjl A*U p J?\ U 4 Ajj>j (Jjf 

jJIjj A>- L C Y ^ £j>m J P P IjftjZjj -bb 4 -lib ym 


ji£>- aS **jS Jajj^ L*-XiL> lLL ji 

tui-ib yXj^j^i Yni b P j\ j^jM 6ij> ji ym jl 

t—>Ltt*>-JLJ t C.**>1 p y iaA* AS* (_fj *» -!_£ ■ (jl A> I yT L* ( JLib 

♦ fiJ3 1 <y 


: jl -UJjLc J^yljJ^j P y aT t Yitl ji (y.VJUU 

pj tp j rpj ...j (h-\)p jhp (\o) 


c5jU^ b *£ c^ jL y hp ^ ^ 

• ui'y^ Tin ^ 

hp<rm<(h-H)p (>\) 

oTj<> *s" b c—-! ^jj lS*^* h l^Ty> ^ lj 

;JiA»b^jj i£Z>XC- h t^ij 9 ji* l“Ab| .^zS' l*l>- C-**l Ij? h. 

:c-i-b t h = yq 


hr) 


Yqp<Ym<(vq+\)p 




... ikUjdli ^ 


1Y1 

^.**1 j>- \j jjj >S^i jL*.-* C ji a? 

qp<m<(q+s)p (\r) 

j tm! ^ tq ‘ P Jjl J*U a>.~J 

^jU- ^*u i C x ‘” j* m! j-> vV 9 

ym! 

c -lib Yq-|- \ J j-* lSj\~~-* h *£ fr*^*Lr° 

(Yq+\)P<tm<Yq+t)p (\f) 

qp<ni < (q-f-\)p (\6) 

tq && j j- 5 tq-j- \ 4 P J-*l* ^OjU; ^1 L 

C^ £jU j* V*v>-* uih^-i -* ->* ^ J* 

.ijb syrl 

AS”" C~*l P J_)l (_£lod£ <-jj+al^> ^ ^ s.^. q;„ 

i£j L***-«Ij ji a£*Aj i diiS"*^.* (\ Y) ^ ^L**u4Uji 

, 1 4!i. .«*j 4 4^ tlL a l«j q l^j 1 ji j jlli 5 ** i (_ j(y t) 

• *■-—"^ ^ (ji}ji^\ 

logC^-^logp {\9) 


Ja^uj ! j ji ^5* 1 p J jl {_CIfcjJ p (^IjIa> ^ C«4^^ 




Jjl iSlJWJkt 


i vr 

'.xS^a 1 -Lj 

ym / 

—<P<Ym 

yrn .ym 

-< p C- 

f r 

ym ^rm 

_< p<_ 

l—jjTji p Jjl 4_ S^Lsj«jT \j a^L lj (\ V) U 

jjjl i-3 Jt> Sjj£" j-i { ^ 

j Yji \ji} *-Uib Jj^iUaa* 

. * Ji-V < ^ 

lj (\V) U ul^-aj-j3 (^UxOL^O ^SM 

;^jjb 1 

l =Ym ('~t + r—f + 6—i + - ) (u> 

(W) *S" ij-i* iJiiji-* Jjb JIjIjJ J>-b 

^J-riLS^ j?l Jj ut« lj Jjl ^ £?* 

^.bl c-AfJ^j b lyT ja*i^j iS^>- jl t xiL» 

*Mj j> *S" C. - . :^ Ji-» t*_* toyt ^ j>}ji J 

: Y-a* jly lj \ ^ x 

,c>4*1 i_J,la^ ,y 





tYr 


... Jji U 


VY Y t yf y & 

/o ? (\+x)=x-i-+lL_iL + I _... (,,) 

°/V jl logy J 

ifijfc (A) ^b 


%C^ m ==Ynito^t (c< >) (T°) 


:c.^jjj ujyti; b 0?) *Mj 


2 %p=l+e ra (t\) 

^UoJ,£ a£* C.-I ^IaaI^O YiTUogft j! OjL* 1 

| aj C--J c m j ( tfjLJ J_jl jkj* {S\j ) p Jjl 

^jI^JI j.j a£"^a j_ y~‘- i <j^ *£* NU- 

aJj! Ji *b ^J*S. IjJjl 

jU Jj c C—-1 e m jj la^j aS'K yX 

, ajUj^o ^jiU L ^?*- 1 j m *-j p* 

tiL y j «a;^£>- j^s" ym j' aS^u^o* ^1-uj c-i-i?- 

‘ \j jJ j$S'\-^>’ L Sj p ^.4 i*X£ 

rm 

~¥~ 


^jlu.^ ->1 -L-*j‘ jj! (|/ rm j' P^.) YH1 jl p x -9 

][jm j\ y^r j-S'p* P il-ixJ a5^C—-I 

(^I^a1a.>- j ui—>4 rn J 3 k £-UjL*j ] c(t \) aUj !j l^jj cc^-l 

6 JlU 1 j>- A^IjI y .JU^ljftJL^ £*>- £ m jJ JLljl_^J^« 



Jjl <£tAAd£ 


tVf 


<_$-•*—i m =^ooo o^j^* * * Y A 

(^lAiJLt t^j *L>»^JLij^ ,v^.4^1 ^ o o (jTjJij- iS^-Lilj Y|Y] ~, ^ o □ a c 

< ^060 J {j J \ »090 | (^IfJLU aUl \ © o j\ 

jl y£jjj b ^ 5 ^* 


■ p 2 J^ 


^ o o o 


- = £ o a o 


^ © o 


a o 


= rTYT 


^ O O O D 


= X 6 


o © 


^ O O © O 


0 © o 


o o o o 


= \?99 


\ o 0 © o 


\ f f A 


\ OO 


o o 


\ YA° 


^ o o © o 


= N \ \ \ 


^ © o o 


\» 


\ O O P 


• j\ ul —j .>U.c Ujj.c jjjj j-br 


v*j 6 A 5 t»f 9 f*i rvi r*i r\ 


^jy* J* jl (jr+i gjr* C?UiJ_£ IpU *£ 

J*j l£Ljb4A«^U A • ■ J Jjl (jftftOJU- C JLijIi ^ ---J 







m 




6“ j 6 a* fjff* rfjrvj... 

C V^ cAr ‘A^ t^Y ; jl ju;jU (?) jjUj Jj)I ^1 

?uf UiJi£ ^i-u ^a-ubi j tf \ ifr <*nv\ tvr 

^ a >\s* Y^ .j Y ^ £-*b Jjl 

<jljJ . xS’ j_jbiJ V° ^*A.>jlj^ <j1 _y jl b.5a£ ^1 £♦> wjj-JiJUo^ 
C^4*.-Jjljj U-ijllAj Ijj 6 ° ° ° b v° pA^jlj^ 

C™ n a'**** baM J* csh .C-ij-f Jal Ji Y p->bi* <jl y bj \ ° 

I^OOOQ 

Y W L4^ 

L^ T V. *» £ » ||| « .<.^ 1^ ^J j! ^S*l J 

(£ jt£s~ jjs (_£lf.j|J>- ^A jb iJlJjb JJ_>-J jyal..^t>- ji 

a5^ 4.53?*-iAj YT jl jr-^y—^ \ ° ° ° ° . ■>^t^b 3 " 

. C~*ib lj ^ ^ jl ^ (^Uoac- c-Jj. /t J v? b (jljJ^ta>- 

^UiO^ j vl—I > ° 1-1 ^IjJ \ ° D ° ° pl^T 4-wj 

,^jb ^ y^y jl VjfciY'tYdji 

Y Nr ->-U. j-> ^ l 0#o# 4 jA> 4-JUa-fl cfljJ 

iY N ° <Y^ 4Y a <Y y iY^ <Y* JL.U ^1 J Jjb jl^J Y W j 

J^bilL^la*. J^Ul^Tjl tibyt *Tc.i j> Jxj> lj Y' r j Y' v tY" 

^L*J Jb* j*4j .jY s jl Vj*aJupU- _j aix^A Y 

(J j -r aJL*L>> l cilj jl ^jjlfol jj <_£l_fe A>kXJ Aj S?jJj* {£ >%J -^ 

ij-U— SjlwUl A^~Jb- ji t^b JLZa) jji y' 6C jl jZ&r-jS" 

jl j£^y £Jjl ^l^iJjlSU <j^y^cA Y' 0000 

\oooo jl 7.^^ ^*o ^1 ^ C—l \°o*° ^b-JU ^ 


o o o o 





1Y* 

jjleAj JuT ^JLc ^U-Aj j^l *£ lLJ!»U Jojj* A>b 

t£l>*4j tij O^.J^«lLL <J^ 

ij\jj aTC-^ iT^Vl^Aj ^1 j C-i-b pAl_p^- °/°° \ jAj ^Ua^ c */> 

Oi.*^ 

Ij <~r^y <j J J^ 

ob : <y» ) C * H “r ; c*^ Jjk** *Mj u j J ^ ‘risA'is* 

■i^A' t^jj^b *|*-i^bjl_^ A*Jlk* O^)^ j* i£ 

o\y^ tJ-ib \SjJj <^L>- tSXU X a£ ^.i/^jj Jj 

jjI ( _ r >Uu>-«u ^iK" ijioJiJb lyT 

Efo?p=x (0 

Jjl ^log xo '^-> 

jjyJLL.^ j j^Aj ^jrfl aS*” tcJjl <jL«> .il*»l X 

JjJ i^iljl J jjl cJjt J C U»«.*J ‘i - J J-^ 
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